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Solution to Problem 1053.

We start with the gamma function and use the substitution t = ru,

Γ(x) =
∫ ∞

0

tx−1e−tdt

=
∫ ∞

0

(ru)x−1e−rurdu

= rx

∫ ∞

0

ux−1e−rudu

Equivalently,

Γ(x)
1
rx

=
∫ ∞

0

ux−1e−rudu

Multiply the last expression by (−1)r−1 on both sides,

Γ(x)
(−1)r−1

rx
= (−1)r−1

∫ ∞

0

ux−1e−rudu

Summing the above expression gives

Γ(x)
∞∑

r=1

(−1)r−1

rx
=

∞∑
r=1

(−1)r−1

∫ ∞

0

ux−1e−rudu

=
∫ ∞

0

ux−1
∞∑

r=1

(−1)r−1e−rudu

Since
∞∑

r=1

(−1)r−1

rx
= (1 − 21−x)

∞∑
r=1

1
rx

= (1 − 21−x)ζ(x) and
∞∑

r=1

(−1)r−1e−ru

=
1

1 + eu
, we have ∫ ∞

0

ux−1

1 + eu
du = (1 − 21−x)Γ(x)ζ(x)

Our problem asks for two special cases of the above integral, namely, x = 2
and x = 4. For x = 2,∫ ∞

0

u

1 + eu
du = (1 − 21−2)Γ(2)ζ(2)

=
(

1
2

)
(1!)

(
π2

6

)

=
π2

12
.

1



For x = 4, ∫ ∞

0

u3

1 + eu
du = (1 − 21−4)Γ(4)ζ(4)

=
(

7
8

)
(3!)

(
π4

90

)

=
7π4

120
.

�
Gradshteyn and Ryzhik give two general forms of the above∫ ∞

0

x2n−1

epx + 1
dx =

(
1 − 21−2n

) (
2π

p

)2n |B2n|
4n

where B2n is the Bernoulli number. And∫ ∞

0

xn−1e−px

1 + ex
dx = (n − 1)!

∞∑
k=1

(−1)k−1

(p + k)n
.
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