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In [1], Norman Schaumberger provided a positive integer solution to
't =yt 42" 4w’
with @ = 300D/ -y — 31014 5 — 3107 and w = 3199, In general,
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is a solution to
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provided kg is prime and k; | (kg —1)! for i = 1,2,...,n. The reason for this
is
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since ko is a prime, if we choose ¢ = (kg — 1)! then from Wilson’s Theorem
(¢ +1)/ko is an integer, and k; | ¢ for each 1.
In this note, we will use this idea to develop solutions to

n
(2) agx’go = Z mf’
i=1

We do not require that the k; be distinct. To avoid trivial cases, we will
take n > 1.

Theorem 1 If ay | n and ged(ko,k;) =1 fori=1,2,...,n then (2) has a
solution in positive integers.



Proof: Tt suffices to show that there is a g such that kg | (¢+1) and k; | ¢
fori =1,2,...,n. Then we can apply (1).

Let M =lem(ki, ko, ..., k). Then there exists an integer x such that
q= Mz and ko | (Mz+1). This is so because ged(kg, k;) = 1, which implies
ged(kg, M) =1, and Mz +1 =0 (mod ko) has a solution if ged(ko, M) = 1.

Next, apply (1) and let m = n/ag. Then m is an integer and

ap - [(n/ao)(qﬂ)/koro =ag-m™ =ag-m-mI=n-mI
— imq — i (mQ/ki)ki — i [(n/aO)Q/ki}ki )
i=1 i=1 i=1

Thus
(20, X1, T2, . .., Tpn) = ((n/ao)(q“)/ko, (n/ao)q/lﬂ’ (n/ao)q/kz, o (n/ag)Q/kn>

is a solution. O

For example, let us find a solution to 2™ = y*+2"4+w? using the theorem.
Here ap = 1 and n = 3. Since 1 | 3 and ged(11,4)=gcd(11,7)=gcd(11,9)=1,
there exists a solution. We have m = 3 and M=Icm(4,7,9) = 252. Solving
252v+1 =0 (mod 11) gives v = 1 (mod 11). So, taking ¢ = 252 would give
a solution, specifically (x,y, z,w) = (323,393,336 328).

From the proof to Theorem 1, it is not difficult to see that there is an
infinite number of solutions to equation (2) if it satisfies the conditions in
Theorem 1. It can be proved in two ways. (I) There is an infinite number
of integers satisfying the equation Mx + 1 = 0 (mod ko). (II) Multiply
both sides of equation (2) by s'Q where s and t are positive integers and
Q=lem(ko, k1, k2, ..., k). It is also interesting to point out that (IT) generates
more solutions than (I) in the sense that all solutions generated by (I) form
a proper subset of those generated by (II).

While ged(ko, ki) = 1 and ag | n are sufficient conditions for (2) to
have a solution, they are not necessary. There may still be solutions if
ged(ko, ki) # 1 for some (but not all) . The next theorem determines some.

Theorem 2 If ag = t°, n = 7%, t | r, and gcd(ko, M) | (cko — s) where
M =lem(ky, ko, ..., ky) and c is an integer, then (2) has a solution in posi-
tive integers.

Proof: Since ged(ko, M) | (cko — s), the congruence Mz + s = 0 (mod ko)
has a solution. Now let ¢ = Mz. Then

(w0, 21,2, - ) = (/D00 05 (rjt)alb2, ()l )
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is a solution, as can be seen from

av - [(r /0@ = ag(r )75 = (/1) (/10 = 1)

n

= n(r/t) =Y (/1) ]

i=1

k;

O

For example, to find a solution to x(l)4 = x%+2x§+a}g, we have n = 4 = 22,
M =lem(2,5,6) = 30, ged(14,30) = 2 and 2 | (14 — 2), so the equation
has a solution. Solve 30v + 2 = 0 (mod 14) to obtain v = 6 or 13 (mod
14). If we take v = 6, then ¢ = 180 and a solution is (zg,z1, T2, r3) =
(2137 290’ 2367 230).

There are many difficult questions that can be asked about exponential
equations. The two theorems do not provide all solutions to an equation even
if their conditions are met. Is there an algorithm that can generate more or
even all solutions? Can we determine when (2) does not have any solutions?
Obviously, the theorems fail to find solutions for certain equations. For
instance, x? = y3 + 2% has a solution, namely, (z,y, z) = (3,2,1). A special
case of the equation is x’go = xlfl + :USQ with kg, k1 and ko > 2. Can we
conclude that if this equation has a solution then ged(ko, k1)=ged(ko, k2) =
1?7 (Theorem 2 fails to give a counterexample for this hypothesis.) If the
above were true, Fermat’s Last Theorem would be a corollary.
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