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Extension of Winding Function Theory for
Nonuniform Air Gap in Electric Machinery

Jawad FaizSenior Member, IEEEBNd Iman Tabatabaei

Abstract—This paper extends the winding function theory for
nonuniform air gap in rotating electric machinery. It shows that the
winding function differs from that used in the symmetrical case, al-
though several papers employ the uniform air-gap winding func-
tion to study electric motor performance under fault conditions.
The extended theory will be particularly helpful in the study of
squirrel-cage induction motors with a nonuniform air gap such as
that caused by eccentricity of the rotor and stator.

Index Terms—Eccentricity, electric machinery, nonuniform air
gap, winding function theory.

NOMENCLATURE
P Number of pole pairs. Fig. 1. Effect of nonuniform air gap upon the flux distribution of a simple
! Length of stack. winding.
r Average radius of air gap. ) o _ _ )
9 Length of nonuniform air gap. tion motor with different faults [7]. Since this theory is capable
P Nonuniform air-gap coefficient to take into account any winding distribution or air-gap distri-
o~ Angle of nonuniform air gap. butio.n.around rotor, it i.s.capable to model and qna!yze the f_ault
Ty i Current density and current of winding conditions. This capability leads to the use of winding function
g(&) Distribution of air gap. in internal short circuit of the stator winding, rotor broken bars,
P() Distribution of inverse of air gap. fracture of the rotor end ring, and stator and rotor eccentricity
ng () Turn function of windingz. [8]_[1.1]- . .
N, (ax) Winding function of windingz. This paper reviews the theory and shows that the extension of
B.() Magnetic field density of winding:. the theory for a nonuniform air gap leads to a calculated induc-
Lay Inductance between windingsandy. tance which differs with that evaluated for the uniform air gap.
o An arbitrary angle in stator reference frame. Th_e modified winding function f(_)r nonsymmetrical air gap in
~ Angle of skewing. a salient pole synchronous machine has been proposed in [12],

several other papers have used this theory for induction motor

analysis with nonuniform air gap while of calculated inductance

is only valid for a uniform air gap. This indicates clearly that
HE WINDING function theory used for magnetic induc-equality of L5 = Ly; = L is not observed in [10]. lllustra-
tances calculation of induction motor in 1965 [1] gives #@ons in [10] and [11] show the case. It will be observed that by

solution of coupled electromagnetic equations, which are obxtension of the winding function theory presented in this work

tained using simple laws of electric circuit theory. An essentighe above-mentioned equality is held for any air-gap distribu-

part of this theory is the calculation of the motor inductanceion as expected in the linear magnetic circuit. Thus, the results

These inductances are evaluated using winding functions gsrdsented in [10] and [11] are doubtful.

other equations within the theory.

This theory was used to analyze two-phase induction mo- ||. NONUNIFORM AIR GAP IN ELECTRIC MACHINERY

tors in 1969 [2], linear induction motor in 1979 [3], three-phase Nonuniformity of the air gap in rotating electric machinery

squirrel-cage induction motor with concentric winding in 199 bads to a nonuniform permeance of the air gap, if at the same

[4], study of saturated induction machines in 1992 [5], and lime there is an unsymmetrical air gap, unbalanced magnetic

nally, synchronous reluctance motor [6]. For the first time, mu_" (UMP), and applied unsymmetrical forces on the rotor

1992, this theory was used to study the performance of induc ) ) .
occur. In such a case, air-gap flux is also nonuniform and

unsymmetrical. Fig. 1 shows the flux distribution of a simple
Manuscript received January 28, 2002; revised July 15, 2002. winding in the nonuniform air gap.
The authors are with the Center of Excellence on Applied Electromagnetic Many mechanical faults such as misalignment rotor shaft
Systems, Department of Electrical and Computer Engineering, Faculty of En- di d Kb ing lead . ’ if .
gineering, University of Tehran, Tehran, Iran. ending, and even weak bearing lead to various nonuniform air
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Fig. 2. Closed loop for application of the Ampere circuit law for nonunifor

air gap.

cases, the air gap can be approximated by two first terms of the

Fourier series as follows:

g(a) = go — god cos(a — ) 1)

3655

the magnetic field intensity at arbitrary angleis independent
of the radius and equal to the middle of the air gap. Thus

%ﬁx(r,a)-dZ:/ fo(a) - dt
. airgap

= Hi(a)g(a) — Hz(0)g(0).  (6)
Manipulation of the above equations leads to
/ Ho(a) - dl = ny ()i, ©)
airgap
and the integration yields
ng(a)iy + H;(0)g(0
H (o) = Pal@ia + Ha(0)g(0) ®

g(@)
For H,(0) calculation, a Gaussian cylindrical-shape surface in

"the depth of the air gap is considered; therefore

whered, v are the nonuniformity air-gap indexes that are gener-

ally functions of the rotor angular position. In order to keép)

positive, the conditiod < 1 must be always held. Approxima-
tion used in (1) is valid for all rotating electric machinery with
cylindrical stator and rotor. The permeance of air gap can be ex-

panded using (1) as follows:

1 oo
= — E P; cos(ia — i) (2)
90 55
where
Po 11—52 3)
_JizeT\! .
Plzﬁ(%)7 Z:1727....

It is suggested that (2) is approximated by the firsérms for
the 2 poles winding.

I1l. EXTENSION OF WINDING FUNCTION THEORY FOR
ARBITRARY DISTRIBUTION OF AIR GAP

memywza (©)
Manipulation of the above equation leads to
| /0 " ’;(g) iadar+ 9(0)Ha(0) /0 " ﬁda 0 @0
and (8) and (9) yield
Ho(a) = <nm(a) - <]<3;;>> P(a)is. (11)

Operator(f) is defined as the mean of functighover [0, 27|

range as follows:
1 2w
o '/0 fla)da.

Referring to (11), the winding function of windingor N, («)
reduced to

(f) = (12)

_ (Png)
ng (@) )

This winding function is similar to the equation in [12], which
has been introduced as winding function of a synchronous
motor. When the air-gap distribution is uniform, (13) can be
simplified as follows:

N,(a) =

(13)

Nx(a) = nx(a) - <nx> (14)

Using the closed path shown in Fig. 2 and the Ampere circyifoyever, (14) is not valid for a nonuniform air gap while [10]

law for winding =

%Hra /SJ(ra) ds.

(4)

If n.(a) represents the turn number over different position, we

can write that

/ T (r,a) - d§ = ng(a)i,. (5)
Js

Since the relative permeability of iron is considerably larger

and [11] have used this equation for a nonuniform air gap. Re-
ferring to (11), the magnetic flux density produced by winding
z IS

B, (o) = po Ny () P()iy.

Thus, the flux produced by winding and links with the adja-
cent windingy is as follows:

(15)

)\yT(a) = MOTZZT /27r P(a)NT(Oz)ny(a)doz (16)
J0

than that of the air gap, the magnetomotive force (MMF) dro@ince the ratio of the air-gap length and the mean radius is very
of the iron may be ignored. Also, the air-gap length is short asdnall, for the uniform air gap the mean radius of the air gap
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Fig. 4. Winding functions of two arbitrary loops. Up: on stator. Down: on rotor.
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Fig. 3. Distribution of inverse of air gap—) Precise.(—) Two-term 0.2} "
approximation(. . .) Three-term approximation. I
-
. . . . 0.2} [
can be used with a good approximation. Referring to (16), the Vo
mutual inductance of winding andy is SR e
06} 1
27
L, = ,uorl/ P(a)Ny(a)ny(o)do a7 3 ) ) ) ) . N
0 0 1 2 3 4 5 6
. . . alfa (radian)
and its final form is
Fig. 5. Winding functiony at three rotor angular position§—) 8 = 0.
(Png){(Pn,) g g y gular p 6—)

Ly, = 2mporl(Pngny) — 2mporl ) (18) (—) 8 =m/12.(...)8 = 7/C.

Lab(H)zx 10°

Equation (18) has cumulative property; thus, the following is
always held:

Lys = Ly, (19)

T
'
|
|
'
'
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)
i
'
'
|
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The above equation exists in the linear magnetic circuits. If the
winding functions are used as reported in [10] and [11], equality
(19) cannot be obtained. In spite of the existing error in [10] and
[11], the simulated frequency spectrum amplifies the harmonics
caused by the eccentricity. This is in agreement with the experi-
mental results. This can be explained such that in these studies, /
winding function (13) has been approximated by (14), which 2 314 6.28
is exaggeratory. However, variations of the frequency spectrum etz (radian)

of the motor line current has been included and modeled. Obyi- .\ . 0 of winding and (—) Uniform air gap.(... )
ously, these variations can be more accurately taken into accqug}'tur',iform air gap. 9 andy. gapd..
and the condition o, = L,, will be satisfied. If the case of

the rotor bars is taken into account, the inductance is evaluajgd winding function of the rotor winding in three angular po-

as follows: sitions. When the air gap is uniform, this function is only dis-
Ly (9 + C%) placed along the horizontal axis with varying the rotor angular
= / de (20)  position. As shown in Fig. 5, for the nonuniform air gap, the
0 function value varies with the rotor position. Fig. 6 shows the
mutual inductance of the mentioned windings versus the rotor
IV. INDUCTANCE CALCULATION FOR A SIMPLE CASE angular position.

LI

yT

Fig. 3 shows a precise value of the reverse of the air gap for
the static eccentricity with eccentricity degreeso& 0.4 and
eccentricity angley = 0 (solid line). Two-term and three-term  This paper extends the winding function theory for nonuni-
approximations of (2) have been shown in this figure, whictorm air gap in rotating electric machinery. It shows that the
denotes that the three-term approximation is more precise theinding function for nonuniform air gap differs with that used
that of the two-term approximation. in the symmetrical case, while several papers employ the uni-

Fig. 4 extends the turn function of the two arbitrary windform air-gap winding function in order to study the electric
ings: one on the stator and other on the rotor. Fig. 5 presentstors performance. It is particularly the case in the study of

V. CONCLUSION
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squirrel-cage induction motor in the nonuniform air gap. The[10] H. A. Toliyat and M. S. Arefeen, “A method for dynamic simulation of
extension of the winding function indicated that equality of the ~ @ir-gap eccentricity in induction machine$ZEE Trans. Ind. Applicaf.

vol. 5, pp. 910-918, July/Aug. 1996.

mUtua_-I inductances 'S_ held at any air-gap d'St.“bunon' Thu 11] G. M. Joksimovic, J. Penman, and N. Arthur, “Dynamic simulation
there is doubt concerning the results presented in [10] and [11]. of dynamic eccentricity in induction machines-winding function
The interesting point is that in [11], incorrect inductances have  approach,1EEE Trans. Energy Conversiowol. 15, pp. 143-148, June

2000.

been used in_the analysis 9f the dynamic ecce_mriCity b_Ut thﬁZ] H. A. Toliyat and N. A Nuaim, “Simulation and detection of dynamic
extra harmonic on the line is the same harmonic found in the  air-gap eccentricity in salient-pole synchronous machii&&E Trans.

(1]
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