3

FElements of Nonlinear
Functional Analysis

From the viewpoint of functional analysis, nonlinear problems of mechanics
are more complicated than linear problems; as in mechanics, they require
new techniques for their study. Many of them, such as nonlinear elasticity
in the general case, provide a wide field of investigation for mathemati-
cians (see Antman [2]); the problem of existence of solutions in nonlinear
elasticity in general is still open.

But some of the nonlinear problems of mechanics can be treated on a
known background; as in the linear case, we consider only some of the
known nonlinear results of functional analysis that are needed in what
follows.

3.1 Fréchet and Gateaux Derivatives

We begin nonlinear analysis of operators with definitions of differentiation.
Let F(z) be a nonlinear operator acting from D(F) C X to R(F) C Y,
where X and Y are real Banach spaces. Assume D(F) is open.

Definition 3.1.1. F(z) is differentiable in the Fréchet sense at xo € D(F)
if there is a bounded linear operator, denoted by F’(xg), such that

F(zg+ h) — F(xg) = F'(x9)h + w(xg, k) for all ||h]] < e

with some & > 0, where |lw(zo,h)||/||h|| = 0 as ||| — 0. Then F'(zo) is
called the Fréchet derivative of F(x) at xg, and dF (zg,h) = F'(xo)h is
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its Fréchet differential. F(x) is Fréchet differentiable in an open domain
S C D(F) if it is Fréchet differentiable at every point of S.

It is clear that the Fréchet derivative of a continuous linear operator is
the same operator.

Problem 3.1.1. Assume y = f(x) is a vector function from R™ to R™ and
f(x) € (C(Q))". Show that its Fréchet derivative at xo € Q is the Jacobi

- 8fi(x0)

matrix <7azj0 ) i=1m
j=1,....m

In the construction of the Fréchet derivative, the reader can recognize a

method of the calculus of variations, used to obtain the Euler equations of

a functional. The following derivative by Gateaux is yet closer to this.

Definition 3.1.2. Assume that for all h € D(F) we have

lim F((E(] + th) — F(ér())
t—0 t

:DF(I'O,h), Zo €D(F),

where DF(x,h) is a linear operator with respect to h. Then DF(xq,h)
is called the Gateauz differential of F(x) at xo, and the operator is called
Gateaux differentiable. Denoting DF (xg, h) = F'(xo)h, we get the Gdteauz
derivative F'(xg). An operator is differentiable in the Géateaux sense in an
open domain S C X if it has a Gateaux derivative at every point of S.

The definitions of derivatives are clearly valid for functionals. Suppose
®(z) is a functional which is Gateaux differentiable in a Hilbert space and
that D®(z, h) is bounded at © = xg as a linear functional in h. Then, by
the Riesz representation theorem, it can be represented in the form of an
inner product; denoting the representing element by grad ®(z), we get

D®(xg, h) = (grad ®(xq), h).

By this, we have an operator grad ®(x() called the gradient of ®(x) at xo.

Theorem 3.1.1. If an operator F(z) from X to Y is Fréchet differentiable
at g € D(F), then F(z) is Gateaux differentiable at z¢ and the Gateaux
derivative coincides with the Fréchet derivative.

Proof. Put th instead of h in Definition 3.1.1:
F(xg +th) — F(xg) = F'(zo)th + w(wo, th).

It follows that
g th) — F
lim £ H ) = F@o) _ i,
t—0 t

since ||w(xo,th)||/|lth|| — 0 as ¢ — 0. This means F'(z() is a Gateaux
derivative of F(z) at xo. O
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Gateaux differentiability does not imply Fréchet differentiability. We for-
mulate a sufficient condition as

Problem 3.1.2. Assume that the Gateaux derivative of F'(z) exists in a
neighborhood of z( and is continuous at zg in the uniform norm of L(X,Y’).
Show that the Fréchet derivative exists and is equal to the Gateaux deriva-
tive.

We consider an operator equation with a parameter p being an element
of a real Banach space M:

F(z,p) =0

where D(F(x,n)) C X, R(F(z,p)) CY.

In problems of mechanics, p can represent loads or some parameters of
a body or a process (say, disturbances of the thickness of a plate or its
moduli).

There are different abstract analogs of the implicit function theorem; we
present two of them.

Denote by N (zg,r; po, p) the following neighborhood of a pair:

N(zo,r;po,p) ={z € X,p € M [ |z —zol <7, [ = poll < p}-
Theorem 3.1.2. Assume:
(1) F(zo,po) = 0;
(ii) F(xo,p) is continuous with respect to p in a ball || — pol| < p1;

(iii) there exist 71 > 0 and p; > 0 and a continuous linear operator
A from X to Y, being continuously invertible and such that in the
neighborhood N (xg,7r1; o, p1)

1 (2, ) = F(y, p) = Al = )| < alrr, pr)llz =yl
where limsup, , ,q |o(r, p)| [A™'] = ¢ < 1.

Then there exist 7o > 0 and pp > 0 such that in N(zo,70; o, po) the
equation

F(z,pu) =0 (3.1.1)

has the unique solution = z(u) which depends continuously on p: z(u) —
z(po) as 1 — Ho.

Proof. We reduce the equation to a form needed to apply the contraction
mapping principle:

x=K(z,u), K(z,p) =2 — A" F(x, p).
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This equation is equivalent to (3.1.1) because A~! is continuously invert-
ible. K (z, ) is a contraction operator with respect to z in some neighbor-
hood of (g, o). Indeed

1K (2, 1) = K(y, w)ll = e —y = A7 (F (2, 1) = F(y, )|
< [ATHA(z —y) = (F(z,1n) = Fly, w)|
< [ A7 a(r, p)] |z =yl
<(g+e)lle—yl;
by (iii), ¢ + ¢ < 1 if  and p are sufficiently small and r < r1, p < p1.
Then there are 1o, po, 70 < 11, po < p1, such that K(z, p) takes a ball
|z — xo|| < ro into itself when ||u — uol| < po, indeed
K (z, 1) = ol < [|1K (2, p) — K (o, p)l| + [[ K (0, ) — 2o
< (g + )|z —aol + |AT F(xo, )
< (g + o)z — ol + |ATH [ F(wo, p)]-

Since F'(xg,u) = F(xo, o) =0 as u — po, then
AT E(zo, )| < (1 —g—e)r1 when || — ol < pa for some py < py

and thus for any rqg < r1, po < p2, the ball ||z — z¢|| < 7o is taken by
K(x,p) into itself when ||p — poll < po-

By the contraction mapping principle, there is a solution z = z(u) in
N (zo,70; fto, po). The continuity of z(u) at uo follows from the bound

A—l
() — 2o < JAN

—||F
= 1—q—5” (zo, ),

a consequence of the contraction mapping principle. O

To prove the other variant of the implicit function theorem, we need
some properties of Fréchet derivatives as given by the next two lemmas.

Lemma 3.1.1. Assume an operator F(z) from X to Y has a Fréchet
derivative at © = x¢, and an operator x = S(z) from a real Banach space
Z to X also has a Fréchet derivative S’(z¢) and zp = S(zp). Then their
composition F'(S(z)) has a Fréchet derivative at z = z5 and

(F(S(20))) = F'(20)S (20)-
Proof. Substituting
r—x9=28(2) — S(20) = S (20)(z — 20) +w1(20, 2 — 20)

into
F(x) — F(xo) = F'(z0)(z — mo) + w(xo, T — x0),
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we get

F(x) — F(x9) = F'(20)S"(20) (2 — 20) + F'(z0)w1(20,2 — 20) +
+ w(zg, S(z) — S(20)).

This completes the proof, since the last two terms on the right-hand side
are of the order o(]|z — zo]|). O

The next lemma is the so-called Lagrange identity.

Lemma 3.1.2. Assume that F'(z) from X to Y is Fréchet differentiable
in a neighborhood Q of xy. Then for = € 2 we have

1
F(x) — F(z0) = /0 F'(zg + 0(z — x0)) db (x — x0).

Proof. By Lemma 3.1.1, the composition F'(S(6)), where S(6) = zo+60(x —
xo), has a Fréchet derivative

L P(S(0)) = F (w0 + 0 — 20)) (2 — )

since S’(6) = x — z¢. Integrating this over [0, 1] with regard for continuity

of F(S(0)) in 6, we complete the proof. O

We can now present the more traditional version of the implicit function
theorem. In preparation we introduce a partial Fréchet derivative F,(x, 1)
of F(x, ;1) with respect to x as its Fréchet derivative with respect to z when
w is fixed.

Theorem 3.1.3. Assume:
(i) F(xo,p0) = 0;

(ii) for some r > 0 and p > 0, the operator F(z, ) is continuous on the
set N (o, 75 Ho, p);

(iii) F,(z,p) is continuous at (zg, to);
(iv) Fy(xo, o) has a continuous inverse linear operator.

Then there exist 7o > 0, po > 0 such that the equation F(z, ) = 0 has the
unique solution = z(u) in a ball |z — zo|| < ro when ||pu — pol] < po. If
there is, in addition, F),(x, ) which is continuous at (zo, ito) then x () has
a Fréchet derivative at yu = pg and

.’ITI(IUO) = _Fw_l(w07M0)F,u($07,uO)-
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Proof. We verify that A = F,(xo, pio) meets condition (iii) of Theorem
3.1.2. Consider

\P(J:,y,u) = HF(IJA) - F(ya:u) - Fx(%uo)(l‘ - y)”

By Lemma 3.1.2,

F(x,m—F(y,m:/O Fo(y+0(z —y), 1) df (z — )

and so
U(x,y, 1 H/ w(y+0(x — )M)Fx($0aﬂ0))d0($y)“
/ 1E:(y +0(z — y), 1) — Fu(2o, po)|| 40 ||z — y]|
< a(r,p)llz -yl
where

05(7’, p) = sup ||F3?('r7 ,U) - Fx(xOMU’O)H on N(.To,’/‘; HO)p)
T,

is such that a(r, p) — 0 as r,p — 0 since F,(x, 11) is continuous at (xg, o).
The other conditions of Theorem 3.1.2 are also satisfied and so a solution
x = x(p) actually exists. We leave the second part of the theorem on
differentiability of x(u) without proof. O

Using the implicit function theorem, we can determine whether a solution
to a problem depends continuously and uniquely on some parameters.

We studied several linear problems of mechanics with constant parame-
ters. The reader can now verify that small disturbances of elastic moduli
or, say, the thickness of a plate, bring small disturbances in displacements
(small in a corresponding energy norm). We note that for linear problems
this can be shown more easily by using the contraction mapping princi-
ple, but in nonlinear problems using the implicit function theorem is more
convenient.

3.2 Liapunov—Schmidt Method

We shall say that (zo, po) is a regular point of the equation F(x,u) = 0 if
there is a neighborhood of (xg, po), say N(zo,; 1o, p), in which there is a
unique solution z = z(u).

The implicit function theorem gives sufficient conditions for regularity of

F(z,p) at (zo, po)-
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In mechanics, the breakdown of the property of regularity of a solution
is of great importance; it is usually connected with some qualitative change
of the properties of a system under consideration: its behavior, stability, or
type of motion.

We now consider an important class of non-regular points of an operator
equation.

Definition 3.2.1. (xg, i) is a bifurcation point of the equation F'(x, u) =
0 if for any r > 0, p > 0, in the ball ||u — uo|| < p there exists p such that
in the ball ||x — ol < r there are at least two solutions of the equation
corresponding to p.

Many problems of mechanics (in particular, in shell theory) are such that
in an energy space a partial Fréchet derivative F,(zo, o) of a corresponding
operator of a problem may be reduced to the form I — B, B = B(xg, uo),
where B is a compact linear operator (as a rule it is self-adjoint) and so
the results of the Fredholm—Riesz—Schauder theory are valid. In particular,
I — B is not continuously invertible if and only if there is a nontrivial
solution to (I — B)z = 0, and this is the case when the implicit function
theorem is not applicable. This case is now considered.

Without loss of generality, we assume xg = 0, pgp = 0 (we can always
change © — zo +x, pu — po + p) so let

F(0,0) = 0.

Suppose F' is an operator acting from H x M in H where H is a Hilbert
space and M is a real Banach space. As we said, we suppose that F;(0,0)
takes the form

F4(0,0) =1 — By

with By a compact self-adjoint linear operator in H.
The equation F(z, i) = 0 can be rewritten in the form
(I = Bo)a = —F(w, ) + (I - Bo)a
or

(I — Bo)x = R(z, ), R(z,p) = —F(x, 1) + (I — By)z. (3.2.1)

We now consider the Liapunov—Schmidt method of determining the de-
pendence of solution to (3.2.1) on g when ||u|| is small and there are non-
trivial solutions to the equation (I —Bg)x = 0. As in Section 2.11, denote by
N the set of these nontrivial solutions and let x4, ..., z, be an orthonormal
basis of N.

In the beginning of the proof of Theorem 2.11.4 we saw that the operator

Qoxr = (I — By)x Zxaxk
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is continuously invertible. Equation (3.2.1) can be written in the form
Qoxr = R(z, p) + Zakxk, ar = (x, k). (3.2.2)
k=1

We now consider (3.2.2) as an equation with respect to x that has pa-
rameters (i, aq, . .., Qy, introducing, in preparation,

n
aczu—l—Zﬁkxk, (u,z;) =0, j=1,...,n
k=1

Here uw € M, M being the orthogonal complement of N in H. As (z,zy) =
ay, then z = u+ > }_, agzy and (3.2.2) is

Qou =R (u + Z Qg Tr, H) : (3.2.3)
k=1

This equation defines u as a function of the variables u, a1, ..., a,. Since
R.(0,0) = —F,(0,0) + (I — By) = 0 we get

(Qox - R(U + Z R, ,u))
k=1

= Qo

U=
u=0,01=+-=0t,, =0

u

where Qg is a continuously invertible operator, so all the conditions of
the implicit function theorem are fulfilled. Therefore (3.2.3) has a unique

solution for every u, a,...,a, when ||| and |ag| are small:
w=u(,aq,...,0).
This solution must be orthogonal to all zx, Kk = 1,...,n, and to define
values aq, ..., a, we have the system
(u(p, aqy ..y ap),xg) =0, k=1,....n (3.2.4)

which is called the Liapunov—-Schmidt equation of branching.
Using the Liapunov—Schmidt method one can investigate so-called post-
critical behavior of a system, say, post-buckling of a von Karméan plate.

3.3  Critical Points of a Functional

From now on, we shall consider operators and real-valued functionals given
in a real Hilbert space H. So let ®(z) be a functional on H.
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Definition 3.3.1. z¢ € H is called a local minimal (mazimal) point of
®(z) if there isa ball B = {z | ||z —x0o|| < €}, € > 0, such that for all z € B
we have ®(z) > ®(zg) (P(x) < P(zp)). Minimal and maximal points are
called extreme points of ®(x). If ®(x) > ®(xg) for all x € H, then xq is a
point of absolute minimum of ®(x).

We prove the following

Theorem 3.3.1. Assume:

(i) ®(x) is given on an open set S C H;
(ii) there exists grad ®(z) at x = xg € S;
(iii) xo is an extreme point of ®(z).

Then grad ®(zg) = 0.

Proof. Let h be an arbitrary element of H. The functional ®(z + th) is a
function in a real variable ¢ that attains its minimum at ¢ = 0. Since

d@(aco + th)
2EAP0 TR =0,
dt t=0
we have
(grad ®(xq), h) = 0. (3.3.1)
Since h is arbitrary, the conclusion follows. O

Definition 3.3.2. A point zg at which grad ®(z¢) = 0 is called a critical
point of ®(x).

In fact, we implicitly used this theorem for linear problems when ®(x)
was a (quadratic) functional of total energy of an elastic body and (3.3.1)
was an equation defining a generalized solution of the corresponding prob-
lem. Similar results will be valid for some nonlinear problems in what fol-
lows.

In preparation, we introduce some definitions.

Definition 3.3.3. A functional ®(z) is called weakly continuous at x = xg
if for every sequence {x}} converging weakly to xo the numerical sequence
O () tends to ®(zg) as k — oo. It is called weakly continuous on an open
set S C H if it is weakly continuous at every point of S.

Definition 3.3.4. A functional ®(x) given on H is called growing if

inf ®(z) — o0 as R — oc.
lzll=R
We obtained a necessary condition for existence of critical points of a
functional. Now we point out some sufficient conditions for this that have
important applications in mechanics.
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Lemma 3.3.1. Assume @ is a weakly closed and bounded set in H. A
weakly continuous functional ®(z) is bounded on @ and attains its minimal
and maximal values in it.

Proof. First we prove that the values of ®(z) on @ are bounded from above.
If not, there is a sequence {z,} C @ such that ®(x,) — 0o as n — oo.
By hypothesis {z,} contains a subsequence {x,, } weakly convergent to
o € @ and so

D(xy,,) = P(x0) # 00 as ng — o0,

which contradicts the assumption. Boundedness from below is thus clearly
seen.

Let d = infyeg (). By definition of infimum there is a sequence {z,}
for which ®(z,) — d as n — co. As above, it contains a subsequence {z,, }
converging weakly to zg € Q. By weak continuity of ®(x) we get ®(z) = d.
The proof for the maximal value is similar. O

Note that a ball B(R) = {z | ||z|| < R} has the properties of @ of the
lemma.

In what follows, some problems of mechanics can be reduced to a problem
of finding critical points of the functional

U(z) = [|lz]|* + @(2)

with ®(z) a weakly continuous functional. The functional ¥(z) is not
weakly continuous because of the term |z||> and so Lemma 3.3.1 does
not apply.

Theorem 3.3.2. Let ®(z) be a weakly continuous functional. On a ball
B(R) = {z | ||lz|| € R}, the functional ¥(z) = ||z||?> + ®(x) attains its
minimal value.

Proof. By Lemma 3.3.1, ®(x) and hence ¥(x) is bounded from below on
B(R). Let d = inf ¥(x) on B(R) and {x,} be a sequence in B(R) such that
U(z,) = d as n — oo. By weak compactness of B(R) we can produce a
subsequence {z,, } which converges weakly to zy € B(R). Moreover, from
the bounded numerical sequence {||x,, ||} we can take a subsequence which
tends to some number a, a < R. Redenote the last subsequence as {z,}
again.

We show that ||zg|| < a. Indeed, since z,, — x¢ then lim, o (zn,20) =
|zo]|? and we have

ol = Jim [(@n,20) < lim_ [z, ] o] = allzol

which gives ||zo]| < a.
By weak continuity of ®(z), we get ®(z,) — P(x9) as n — oo and
U(z,) — d = a®+ ®(xg) simultaneously. Since xy € B(R),

U(xzg) = ||av0||2 + ®(xg) > inf U(zx)=d= a’ + D(xg),
z€B(R)
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and so ||zg|| > a. With the above, this implies ||zg|| = a and thus z; is a
point at which ¥(z) takes its minimal value on B(R). O

Remark 3.3.1. Since {z,, } from the proof converges weakly to xy and the
sequence {||z,, ||} converges to ||zg|| = a, this sequence converges to x
strongly in H.

Definition 3.3.5. Assume inf ®(z) =d > —oo on H. A sequence {z,} is
called a minimizing sequence of ®(x) if ®(x,) — d as n — oo.

In the proof of Theorem 3.3.2 we have established that under the condi-
tions of that theorem any sequence minimizing ¥(x) contains a subsequence
that converges strongly to an element at which the minimum of ¥(z) oc-
curs. Now we can formulate

Theorem 3.3.3. Assume that a functional ¥(z) = ||z||> + ®(x), where
®(x) is weakly continuous on H, is growing. Then:

(i) there exists zg € H at which ¥(z) takes its minimal value;

(ii) any minimizing sequence of ¥(z) contains a subsequence which con-
verges strongly to a point at which ¥(z) takes its minimal value:
moreover, every weakly convergent subsequence of {x,} converges
strongly to a minimizer of ¥(z);

(iii) if a point zp at which ¥(x) takes its minimal value is unique, then a
minimizing sequence converges to zy strongly;

(iv) if grad ®(z) exists at a point of minimum z¢, then

20 + grad ®(xp) = 0.

Proof. By Theorem 3.3.2, on a ball ||z|| < R the functional ¥(x) takes
its minimal value. Since ¥(x) is growing we can take R so large that the
minimum is attained inside the open ball ||z|| < R. So statements (i) and
(ii) follow from Theorem 3.3.3 and Remark 3.3.1. Statement (iv) follows
from Theorem 3.3.1. The proof of (iii) is carried out in a way similar to
that given in Section 1.23. O

Now we consider the application of the Ritz method to solve the problem
of minimizing ¥(z) under the restrictions of Theorem 3.3.3. First we state
the equations of Ritz’s method. Let g1, 92,93, ... be a complete system in
H such that every finite subsystem is linearly independent. Denote by H,,
a subspace of H which is spanned by g1,...,¢n.

The approximation of the Ritz method to minimize the functional ¥(x)
is now formulated as follows:

e Find a minimizer z,, of ¥(z) on H,.
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e Note that if ¥(z) has grad U(x) then the equations to find the nth
Ritz approximation are

(grad ¥(z,,), gx) = 0, k=1,....,n, z,€ H,.
Theorem 3.3.4. Under the restrictions of Theorem 3.3.3, the following
hold:

(i) for each n there exists a solution x,, € H,, the nth Ritz approximation
of the minimizer of ¥(x);

(ii) the sequence of Ritz approximations is a minimizing sequence of ¥(z),
and thus

(iii) the sequence {z,} contains at least one weakly convergent subse-
quence whose weak limit is a minimizer of ¥(z) — in fact, this sub-
sequence converges strongly to the minimizer;

(iv) every weakly convergent subsequence of {x,} converges strongly to a
minimizer of ¥(z); if a minimizer of ¥(z) is unique, then the whole
sequence {z,} converges to it strongly.

Proof. (i) Solvability of the problem for the nth approximation of solution
by the Ritz method follows from Theorem 3.3.3.
(ii) Let 2o be a solution to the main problem

U(xg) =d= mlgglll(x)

As the system g1, g2, g3, . .. is complete, there is 2™ € H,, such that
zo — 2™ || = 6, — 0 as n — oco.
Since ¥(z) is continuous we get
|W (™) — W(z0)| =&, — 0 as n — oc.
But x,, is a minimizer of ¥(z) on H,, so

d=W(w9) < W(wn) = inf V()< (™).

Therefore
| (z,) — U(xg)| <&, > 0asn— oo

and thus {z,} is a minimizing sequence of ¥(x).
The other statements follow from Theorem 3.3.3. O

Note that Theorem 3.3.4 can be applied to linear and nonlinear problems
of mechanics.
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3.4 Von Karman Equations of a Plate

Theorem 3.3.4 will be applied to the boundary value problem of equilibrium
of a plate described by the von Karméan equations, which are

A*w = [f,w] +q in QCR? (3.4.1)
A?f = —[w,w] in Q,

where w(x,y) is the normal displacement of the middle surface © of the
plate, f(z,y) is the Airy function, ¢ = ¢(x,y) is the transverse external
load, and

L P Pul 0 o
U 522 Ba2 Oy? Oy? 0xdy Oxdy’
We consider the Dirichlet problem for these equations:

ow

=5 =0 3.4.3
W] onlog = ( )
of
=4 = 4.4
Floo = 35 pg (3.4.4)
Let us consider the integro-differential equations
a(w, ) = B(f,w,¢) + /2 qp dS, (3.4.5)
¢
a’(f7 7)) = _B(w>wa77)7 (346)

where
0w (0% 0% 0w 9%p
alw, ) = /Q {ax (ax + ”ay2> 20 =55, aray
O%w [ 0%¢ 0%
v (o + s ) | 0

0%f dw  O%f Ow\ Oy
B = - _ 477 ) ZE
(fw, ) /Q { (&Tay dy  Oy? (%c) oz *

+(32f ow 32f8w> &p}dQ,

0z0y Oz  Ox2 Oy

dy

v being Poisson’s ratio, 0 < v < 1/2.

Note that a(u,v) is the scalar product (1.10.4) (with an omitted mul-
tiplier — the bending rigidity) of the energy space Epc for an isotropic
plate, and we shall use this notation in this section.

Suppose that (3.4.5) and (3.4.6), with respect to the unknown function
w, f, being smooth (of CY(Q)) and satisfying the boundary conditions
(3.4.3) and (3.4.4), are valid for every ¢, which also satisfy (3.4.3) for these
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functions and their normal derivatives on the boundary. The usual tools of
the calculus of variations show that the pair (w, f) is a classical solution to
the von Kérmén equations (3.4.1) and (3.4.2). This means that we can use
(3.4.5) and (3.4.6) to define a generalized solution to the problem under
consideration. We note that (3.4.5) expresses the virtual work principle for
the plate, and (3.4.6) is the equation of compatibility. So we introduce

Definition 3.4.1. A pair (w, f), w, f € Epc, is called a generalized so-
lution to the problem (3.4.1)—(3.4.4) if it satisfies the integro-differential
equations (3.4.5)—(3.4.6) for any (¢,n), p,n € Epc.

For correctness of the definition the load ¢ = ¢(z,y) must be such that
the term fQ qpdS) is a continuous linear functional in Ep¢; for this it
suffices that, say, ¢ be of L'(2) (cf., Section 1.14).

Under the restrictions of the definition, all terms in (3.4.5) and (3.4.6)
make sense as each of the first derivatives of any of the functions under
consideration are of LP(Q)) with any p < co. Indeed, a typical term which
is not present in a linear statement of the plate problem is bounded as

92 f Ow D 2 \12
i < .
o 0z% Oy dy dQ‘ - </Q dQ)
dp

4 1/4
. a9 /
(Ll =) ()5
and hence is finite.

Y

We could present a functional whose gradient in the space Epc X Epc is
defined by (3.4.5) and (3.4.6); unfortunately it is not of the form required by
Theorem 3.3.4. That is why we shall reformulate the problem with respect
to the only unknown function w, defining f as an operator with respect
to w and construct a functional of w whose critical point is a generalized
solution of the problem. We now embark on this program.

So let w be a fixed but arbitrary element of Epc. Consider B(w,w,n)
as a functional with respect to 7 in Epc. It is clearly linear. By (3.4.7)
written for a typical term with f = w, thanks to the imbedding theorem
in Epc, we get

o f

0x2

ow

dy

4 1/4
dQ) ., (3.4.7)

|B(w,w,n)| < mlw|E,|Inlle,

i.e., the functional is continuous and so we can apply the Riesz representa-
tion theorem to get

7B(w7w777) - (C, 77)Ep - a(C, 7’)

Being uniquely defined by w € Ep¢, the element ¢ € Ep¢ can be considered
as a value of a nonlinear operator

c= C(w)v a(C(w), 77) = 7B(wa w, 77) (348)

Before studying the properties of C' we introduce
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Definition 3.4.2. An operator A mapping from a Banach space X to
a Banach space Y is called compact if it is continuous in X and takes
every bounded set of X into a precompact set in Y. An operator is called
completely continuous if it takes every weakly convergent sequence of X,
Tn, — Zo, into a sequence A(z,) converging strongly to A(xg).

Lemma 3.4.1. A completely continuous operator F' mapping a Hilbert
space X into a Banach space Y is compact.

Proof. F is continuous since when a sequence {x,, } converges to zq strongly
in X then it converges to xo weakly, too.

Next we take a bounded set S in X and let {x,,} be a sequence lying in S.
From {z,}, thanks to its boundedness, we can choose a subsequence {z,, }
converging weakly to o € X. Then, by definition of complete continuity,
we get the sequence {F(z,,)} converging to F(zo) strongly. This means
F(S) is precompact, hence F' is compact. O

It is known that there are compact operators in a Hilbert space which
are not completely continuous.

Corollary 3.4.1. If F(z) is a completely continuous operator, then the
functional || F(x)|? is a weakly continuous functional in X.

The proof is evident. Now we can prove

Lemma 3.4.2. The operator C'(w) defined by (3.4.8) is completely con-
tinuous.

Proof. When the functions u, v, w € Ep¢ are smooth, direct integration by
parts gives

B(u,v,w) = B(v,u,w) = B(v,w,u) = B(w, u,v); (3.4.9)

the limit passage shows that this is valid for u,v,w € Epc. So

w )\ 2 9% w2 0%y ow dw 0%n
(w,w,n) /Q { <3x> Dy + (8y) Ox2 Ox Oy 0x0y a

Next we take an arbitrary sequence {w, } converging weakly to wgy in Epc
and consider

|a(0(wn) - C(w0)777)| = |B(wn7w’mn) - B(wO’w0777)|'
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Using the Holder inequality, we bound a typical term of the right-hand side
of this equality as follows:

2 2 2
d, = / Qwn \" _ (Owo\"| 07 )
Q ox ox Oy?
L) (32 20
a \ Oz oz Ox oz ) Oy
lawn Owg Hawn H @
i) \Il 9% i) 110y°

By the imbedding theorem in Ep¢, which is a subspace of W22(Q), we get

o

< +|
LY(Q) Oz

Ox Ox L2(Q) '

Oy _ Oy
ox Ox

dp <1y (lwallgr + llwollzx)lInlle,

L)

and, thanks to the boundedness of a weakly convergent sequence,

dn, < mallwn, — wo|lwra |0l £,

where m; and mqy are constants.
Gathering all such bounds, we obtain

|a(C(wn) = Cwo),n)| < ms|jwn —wollwralInll s

Putting n = C(w,) — C(wg), we finally obtain

1C(wn) — Clwo) || Ep < m3llwy, —wollwr.aq) — 0 as n — oo

since the imbedding operator of W?22(£2) into W14(Q) is completely con-
tinuous (a particular case of Sobolev’s imbedding theorems in W22(Q)).
The last limit passage shows that C' is completely continuous. O

From this lemma we see that (3.4.6) with a given w € Epc has the
unique solution

f=C(w). (3.4.10)

If {wy} converges to wg weakly in Epc, then {f,} = {C(wy)} converges
to fo = C(wo) strongly in Fpc.

From now on we consider f in (3.4.5) to be determined by (3.4.10).

For a fixed w € Epc, by bounds of the type (3.4.7), we see that the
functional

B(fyw,@)Jr/qudQ

is linear and continuous with respect to ¢ € Epc. So applying the Riesz
representation theorem, we have a representation

B(f,w, ) + /Q 4 d9 = a(U, o)
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where U € Epc is uniquely determined by w € Epc; so we define an
operator G, U = G(w), acting in Epc, by

B(f,w,p) + /Q qp dQ = a(G(w), ). (3.4.11)

In much the same way that Lemma 3.4.2 is proved we can establish
Lemma 3.4.3. G is a completely continuous operator in Epc.
Now the following is evident:

Lemma 3.4.4. The system of equations (3.4.5)—(3.4.6) defining a gen-
eralized solution of the problem under consideration is equivalent to the
operator equation

w = G(w) (3.4.12)

with a completely continuous operator G acting in Fpc.

Now we introduce a functional

I(w) = %a(w,w) + ia(f, f) - /Q qu d€)

where, as we said, f is defined by (3.4.8).

The decisive point of this section is

Lemma 3.4.5. For every w € Epc, we have
grad I(w) = w — G(w). (3.4.13)

Proof. In accordance with the definition of the gradient of a functional, we
consider

dI(w + ty) 1d 1 df /
—— 7 = t t - - — i)
T B i G SO)‘t:O T3t <f’ dt L:o 0 1°

where f = C(w + tp). It is clear that
1d ~
iaa(w +tp,w+ tcp)‘tzo = a(w, p).

Using the definition (3.4.8) of C, with regard for the equality B(w, p,n) =
B(p,w,n), a particular case of (3.4.9), we calculate directly that

a (df n) = —2B(w, ¢,n)

dt lt=0’
a (ﬁ fj;)

and so

+=0 = _2B(w7¢7f) = _QB(fvwa SD)
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It follows that

dI(w + ty) ‘
dt t=0

and, thanks to (3.4.11),

dI(w + tp)

dt ‘t:o = a(w,p) — a(G(w), SO) = a(w — G(w), ).

This, by definition of the gradient of a functional, means that (3.4.13)
holds. O

Combining Lemmas 3.4.3 and 3.4.4, we have

Lemma 3.4.6. A critical point w of I(w) defines the pair (w, G(w)) that
is a generalized solution of the problem under consideration.

So we reduce the problem of finding a generalized solution of the problem
to the problem of the minimum of a functional (it is not equivalent as there
are in general solutions which are not points of minimum of the functional).

To apply Theorem 3.3.3, it remains to verify

Lemma 3.4.7. The functional 27 (w) is growing and has the form
lwll%,, + 1(w)
where
®1(w) = galf.f) =2 [ qwa
is a weakly continuous functional, f being defined by (3.4.10).

Proof. 2I(w) is growing since

2I(w) > a(w,w) — 2’/ qwdQ’ = [|lw|%, —2 ’/ qwdQ’
Q Q

and
2I(w) > [lwl|z, —mlw|lg, = oo if |w|g, = oo

as ¢ is assumed to be such that fQ qw df? is a continuous functional with
respect to w € Epc.

Weak continuity of ®;(w) is a consequence of Corollary 3.4.1 and Lemma
3.4.2for a(f, f) = ||C(w)||%, and the fact that the continuous linear func-
tional fQ qw dS) is weakly continuous (by definition). O

So we can reformulate Theorem 3.3.3 in the case of the plate problem as
follows
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Theorem 3.4.1. Assume ¢ is such that fQ qw dS2 is a continuous linear
functional with respect to w in Epc. Then any critical point of the grow-
ing functional I(w) which has at least one point of absolute minimum is a
generalized solution of the plate problem in the sense of Definition 3.4.1;
any minimizing sequence of I(w) contains at least one subsequence which
converges strongly to a generalized solution of the problem; each of the
weak limit points of the minimizing sequence, which are strong limit points
simultaneously, is a generalized solution to the problem under considera-
tion.

The reader can also reformulate Theorem 3.3.4 in the present case to
justify application of the Ritz method (and thus the method of finite el-
ements) to von Kédrman equations. Note that in this modification of the
method we must find f exactly from (3.4.6). But it is not too difficult to
show that f can be found approximately, also by the Ritz method, and the
corresponding theorem on convergence remains valid in the present case.

3.5 Buckling of a Thin Elastic Shell

Following an article by I.I. Vorovich [27] (and [28]), we now consider a
buckling problem for a shallow elastic shell described by equations of von
Karmén’s type. We want to study stability of the momentless state (here
w = 0) of the shell. Assume the external load to be proportional to a
parameter \. For every )\, existence of the momentless state of the shell is
seen. We formulate the equations of equilibrium as follows:

0%w O%w 0%w ow ow
2 [— —_— —_— — _— [
A= A(T13IQ+T28y2+2T126x8y B F26y>+
+ [f,w+ 2],
A?f = —{2[z,w] + [w,w]} . (3.5.1)

We study a problem with Dirichlet conditions

ow of

w|89287 aQ:f‘BQ:eTn 89:0. (3.5.2)

Here z = z(x,y) € C®)(Q) is the equation of mid-surface of the shell. Tt is
supposed that the tangential stresses 11, Ts, T} are given, belong to L?(£2)
and, as assumed during derivation of the equations, satisfy equations of
the two-dimensional theory of elasticity with forces (F3, F). Other bits of
notation are taken from the previous section.
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The equations of a generalized statement of the problem under consid-
eration are as follows:

ow Dy ow Dy ow dp  Odw dyp
- ne |, o, (2092, TW I
a(w,¢) = A Q{ Vo 8x+ >y Oy 12(8:5 8y+8y Ox du dy
+ B(f,w+z¢), (3.5.3)
a(f,n) = —2B(z,w,n) — B(w,w,n). (3.5.4)

Using standard variational tools, we can derive from these the equations
(3.5.1) if a solution is assumed to be sufficiently smooth; conversely, we can
derive (3.5.1) from (3.5.3)—(3.5.4). So we can take the latter equations to
formulate

Definition 3.5.1. A pair w, f from Ep¢ is called a generalized solution to
the problem (3.5.1)—(3.5.2) if it satisfies the integro-differential equations
(3.5.3)—(3.5.4) for any ¢,n € Epc

The problem under consideration has a trivial solution w = f = 0. We
are interested in when there exists a nontrivial solution, i.e., in solving a
nonlinear eigenvalue problem.

First we mention that, as in Section 3.4, we solve the equation (3.5.4)
and then exclude f € Ep¢ from the equation (3.5.3) using the solution f
of (3.5.4) when w € Ep¢ is given. It is clear that

f=hH+/f
where the f; are defined by the equations

a(flvn) = _ZB(vavn)v a(f?an) = _B(wawvn)
Using the Riesz representation theorem we can find from these that
f1 = Lw, fa = C(w). (3.5.5)

In Section 3.4 it was shown that C(w) is a completely continuous oper-
ator. The same is valid for the linear operator L (we leave it to the reader
to show this).

In Section 2.5, we introduced the self-adjoint bounded operator C' that
is now redenoted as K. It is defined by

[ w0 g (0wdp  wde 0w
a(Kw, ) _/Q {Tl Ox Ox + T (81‘ oy + oy 833) T Oy Oy

K is compact in Ep¢ as follows from Sobolev’s imbedding theorem.

Applying the Riesz representation theorem to the relation (3.5.3) wherein
f is defined by (3.5.5), we find an operator equation for a generalized
solution of the problem under consideration

] dx dy.

w— G\ w) =0. (3.5.6)
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The next point is to define a functional whose critical points are solutions
to (3.5.6). It is

I\ w) = %a(w,w) + ia(f, f) = AJ(w)

1 ow\ 2 ow ow >
J(w):i/g T1 (81;}) —|—2T1287’L;}871;+T2 <(;;)> ] d.l?dy

I(\, w) is the total energy of the system “shell-load.”

Lemma 3.5.1. For every w € Epc we have
grad I\, w) = w — G(\, w). (3.5.7)

The proof is similar to that for Lemma 3.4.4 and is omitted, as is the
proof that G(\, w) is a completely continuous operator in w € Ep¢.
Next we counsider the functional a(f, f). It is seen that

a(f, f) = alfr, fr) + As(w) + As(w),
Az(w) = 2a(f1, f2) = —4B(z,w, f2),
Asfw) = alfy, f2) = 5 B(fayw,w).
Here Aj(w) is a homogeneous function of order k with respect to w, i.e.,
A (tw) = t* Ay (w).

We leave it to the reader to show that a(f, f), along with each of its parts,
is a weakly continuous functional on Ep¢ (for a(f, f), this is a consequence
of Corollary 3.4.1).

It is evident that J(w) is a weakly continuous functional in Epc. So we
have

Lemma 3.5.2. For every real number )\, the functional I(\,w) takes the
form

1 1
IOw) = Ll + ¥Ow),  Ow) = a(f.f) - M),
where U(\, w) is a weakly continuous functional.
From now on, we assume that
Jw) >0 ifw#0, we Epc. (3.5.8)

This assumption has the physical implication that almost everywhere in
the shell the stress state of the shell is compressive.
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To study stability of the non-buckled state of the shell (that is, when
w = 0), beginning from L. Euler’s work on stability of a bar, one solves the
linearized (here around zero state) eigenvalue problem that is now

grad %a(w, w) + ia(fl, f1)| = Agrad J(w). (3.5.9)

The lowest eigenvalue of the latter, denoted Ag and called the Euler lowest
critical value, is usually considered as a value when the main, trivial form
of equilibrium of the shell becomes unstable. We shall analyze this method
for the shell.

We begin with the eigenvalue problem (3.5.9).

Lemma 3.5.3. There is a countable set A\ of eigenvalues A; > 0 of the
equation (3.5.9) considered in Epc.

Proof. We first mention that the scalar product
(w,0) = alw, @) + sa(Lw, Lg),  f1 = Lu,
induces the norm in Epc which is equivalent to the usual one since
a(w,w) < (w,w) < ma(w,w).
Using the new norm, we can rewrite (3.5.9) in the form
w = ANKjw

where K is determined, thanks to the Riesz representation theorem, by
the equality

ow Dy ow dp  Ow Ay ow Oy
K = [ 22, (S22 2282 L, 2R 0F .
(Krw, ¢) /Q{ Yo 8x+ 12(896 8y+8y 8x)+ 283/ dy de dy

It is easily seen that K, as well as K, is strictly positive, self-adjoint, and
compact, and thus we can use Theorem 2.14.2 which gives even more than
the lemma states. U

For the trivial solution w = f = 0, the total energy I'(A\,w) = 0. A state
of the shell at which I(\,w) takes its minimal value is, in a certain sense,
stable. So it is of interest what is the range of A in which I(\, w) can take
negative values.

Theorem 3.5.1. Assume T}, T2, T» € L*(2) and wg is an eigenfunction of
the linearized boundary value problem (3.5.9) corresponding to its smallest
eigenvalue \g, the Euler critical value. Then for every A of the half-line

A3(wp)
4A4(wE)J(wE)

there exists at least one nontrivial solution of the nonlinear boundary value
problem (3.5.6) at which I(\,w) is negative.

A> N =Ap— (3.5.10)
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The proof is a consequence of the following three lemmas. The first of
them is auxiliary.

Lemma 3.5.4. Assume that w € Ep¢ satisfies
0%w 0%w 92w \?
0x2 0y? 0z0y

=0 (3.5.11)

in the sense of L'(Q2) (almost everywhere in ). Then w = 0.

Proof. If w € C?)(Q), then (3.5.11) means the Gaussian curvature of the
surface z = w(x,y) vanishes so the surface is developable and, thanks to
the boundary conditions (3.5.2), w = 0.

If w ¢ C®(Q), we take another route. For arbitrary w € Epc, F €
W22(Q), the following formula holds:

[[(ZEon @rowyou (o8 ow srovyod,,
a L\ 9zdy dy 0y? 0x ) Ox Oxdy 0x  0x2 Oy Y

Ay
_2/ 0%w 0w Pw \>
T o | 022 0y? Oxdy
(This is easily seen after integrating by parts for smooth functions; the

limit passage shows that it is valid for the needed classes.) In (3.5.12) we
put

Fdzxdy. (3.5.12)

1
F= §($2 +9%)

which gives for w satisfying (3.5.11)

() (2] o

This, together with the boundary conditions for w, completes the proof. [

Lemma 3.5.5. The functional I(\, w) is growing for every A > 0; that is,
we have I(A, w) — oo as ||w|| g, — oo.

Proof. On the unit sphere S = {w: a(w,w) = 1} of Epc consider the set
S1 defined by

1
ia(w,w) - A (w) >

Then on the image of S; under the mapping w — Rw, we get

o~ =

I(\, Rw) > %Q(Rw, Rw) — A\J(Rw)

5|1
=R ia(w,w) — AJ(w)

1
> 132, w € Sy. (3.5.13)
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Next consider I(A, Rw) when w € S, = S\ S;. Here

1 1
ia(w,w) — M (w) < T (3.5.14)

Let us introduce the weak closure of Sy in Ep¢, denoted by CISs. First we
show that Cl1.S; does not contain zero. If to the contrary it does contain
zero then there is a sequence {w,} € ClSy such that a(w,,w,) = 1 and
wy, — 0 in Epc (or, equivalently, in W22(£2)). By the imbedding theorem
in W22(Q), the sequences of first derivatives of {w,,} tend to zero strongly
in LP(Q) for any p < oo and thus J(w,) — 0, which contradicts (3.5.14)
since

1 1
= - < - .
2a(wn,wn) <1 + M (wy)

N |

Next we show that for all w € CISj,
Ag(w) > ¢ (3.5.15)

wherein ¢, is a positive constant. Indeed, if (3.5.15) is not valid there is a
sequence {w,} € ClSy such that A4(wy,) — 0 as n — oo. This sequence
contains a subsequence which converges weakly to wy belonging to Cl S5
too. Since Ay is a weakly continuous functional,

Ay(wo) = 0.

This means that
a(fa, f2) =0, f2 = C(wo).
Returning to (3.5.5), we get

B(?UO,IU(), 77) =0

or, equivalently,

(9211)() 62w0 (92’11}0 2
/Q l ox? 9y? (8z8y> ndedy =0

for any 7 € Epc. As Epc is dense in L%(1),

82w0 82w0 _ (92100 2 -0
0x2 Oy? oxdy )

almost everywhere in Q and, by Lemma 3.5.3, it follows that wo(z,y) = 0.
This contradicts the fact that wy belongs to C1 Sy which does not contain
zero.

Since |As(w)| < ¢; on S, we get, thanks to (3.5.15),

I(\, Rw) > ¢, R* — (iR2 + 01R3>
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when w € C1S; and so for sufficiently large R, with regard for (3.5.13), we
obtain

1
I(\, Rw) > ZR2
for all w € S. This means that I(\, w) is growing. O

By Theorem 3.3.3 it follows that, for any A, the functional I(\, w) takes
its minimal value in Epc. But w = 0 is also a critical point of the functional,
so to conclude the proof of Theorem 3.5.1 we formulate

Lemma 3.5.6. Under the conditions of Theorem 3.5.1, the minimal value
of I(\,w) is negative if X satisfies (3.5.10).

Proof. Consider I(\, cwg) where ¢ is a constant. It is seen that

1 1
I\ cwg) = ¢? §a(wE,wE) + Za(LwE,LwE) - M (wg)| +
+ chg(wE) + C4A4(wE), (f1 = LwE)

Further, from (3.5.9) it follows that

1 1

ia(wE,wE) + Za(LwE,LwE) = AgJ(wg).
Hence

I\ cwg) = ¢ [(Ap — N)J(wg) + cAs(wg) + * Ag(wg)] -

The minimum of I(\, cwg)/c? considered as a function of the real variable
c is taken at

1
co = —5As(wg)/As(wE);
this minimum is equal to

min(c 2I(\, cwg)) = (Ag — A\)J(wg) — A2(wg)/As(wE).

(&

So for A satisfying (3.5.10), we get
I\ cowg) <0
and thus at wg, a minimizer of I(\, w) at the same A,
I(\ wp) < 0.
This completes the proof of the lemma, and therefore of Theorem 3.5.1. [

A very important result follows from Theorem 3.5.1.
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Corollary 3.5.1. Assume that there is an eigenfunction wg corresponding
to the Euler critical value Ag such that

In this case we have a sharp inequality \* < A\g.

This result is of fundamental importance in the theory of stability of
shells, since from it we have that if Asz(wg) # 0, then the problem of
stability cannot be solved by linearization in the neighborhood of a mo-
mentless state of stress, used since Euler in the theory of stability of rods.
If As(wg) # 0, then we must investigate the problem of stability of a shell
in its nonlinear formulation.

Theorem 3.5.2. Let T}, T, Tio € L%(2). Then there is a value \; < \*
such that for any A < ); the nonlinear problem (3.5.6) has the unique
solution w = 0.

Proof. Assume w is a solution of (3.5.6), i.e., the pair w, f = Lw + C(w)
from Epc satisfies (3.5.3)—(3.5.4) for arbitrary ¢,n € Epc. Setting ¢ = w
and n = f in (3.5.3)—(3.5.4) we get

a(w,w) = 2\J(w) + B(f, w,w) + B(f, z,w),
a(f, f) = —2B(z,w, ) — B(w,w, f).
Summing these equalities term by term, we have the identity
a(w,w) + a(f, f) = 2AJ(w) — B(z, f,w). (3.5.16)

Using the elementary inequality |ab| < a? + ibQ, we get an estimate

82f 0%z 82f 0%z 0% f 0%z
|B(z, f,w)| = —— -2 wdx dy
dx2 022 8y2 oy? 0x0y 0xdy

o2 f 2f\? 21\’
SA[(W) #(5e) 2 (auy) | oo
1 92z\> 22\’ 2z \° 9
*4/52[(8962) () 2 (ay) |t

Integrating by parts in the expression for a(f, f) gives

- o2 f 2 o2 f 2 o2 f 2
0= [ (&) + (50) +2 () | oo

and thus, from (3.5.16), it follows that

a(w, w) < 20J (w) + /l(g;) +<$)2+2<812§y>2] w? dz dy.

(3.5.17)

Now we need a lemma which will be proved later.
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Lemma 3.5.7. On the surface S = {w | J(w) = 1} in Epc, the functional

1 022\’ 82z\" 82z \*
Il(w):a(w’w)_él/ﬂl(aﬁ) +<ay2) +2<8.’an> deajdy

has finite minimum denoted by 2A\**.

We are continuing the proof. From this lemma, it follows that
I (w) > 2\ J(w)

since all of the functionals are homogeneous with respect to w of order 2.
Thus, from (3.5.17), we get

(24 — 20)J(w) <0,
from which it follows that if A < A** then

J(w) <0.
This is possible only at w = 0, and the proof is complete. O

Proof of Lemma 3.5.7. Assume {w,} is a minimizing sequence of I (w)
on S and, by contradiction, that the minimum on S is not finite, i.e.,
I (w,) = —o0 as n — oo. It is quite obvious that ||wy,| g, — cc.

Define w} = wy/||wy|gp. We can consider the sequence {w)} to be
weakly convergent to an element wg € Epc. In this case

J(wn) = wal, J (w},)

0
J(wy) = J(wy)/||lwn ||, — 0 as n — oo.

Since J is weakly continuous then J(wg) = 0 and thus w§ = 0. This means
that wy; — 0.
By the imbedding theorem we get

sup |y (x,y)] = 0

and so

2 2 2 2 2 2
an:/ l(g;) + (gyi) +2<8(15y> ](w;)dedy%Oasn%oo.
Q

Thus

1
. . 2
Jim Ty (wn) = lm{fwn|[, <1 - 4an> = +o0,

a contradiction. Similar considerations demonstrate that a minimizing se-
quence {w, } of I is bounded. Then there is a subsequence that converges
weakly to an element wy. This element belongs to S since J(w) is weakly
continuous. The structure of I; provides that I7(wg) = A**. O
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As a result of Theorem 3.5.2 we get the estimates
—00 <A <N <A < Ap < 0. (3.5.18)

From the statement of Lemma 3.5.7, it is seen that A** can be defined as
the lowest eigenvalue of the boundary value problem

grad I1 (w) = 2A grad J(w). (3.5.19)

Let us consider a particular case of a von Kdrmén plate. Here z(z,y) = 0
and thus the problem (3.5.19) takes the form

grad(a(w,w)) = 2 grad J(w).

But the equation (3.5.9) determining the Ag for the plate coincides with
this one as f; = Lw = 0 for a plate. Thus A\g = A** and (3.5.18) states
that A\; = Ag for the plate. This implies an important

Theorem 3.5.3. In the case of a plate (z(x,y) = 0), under the conditions
of Theorem 3.5.1, the equality \; = Ag is satisfied. In other words, for
A < Ag there is a unique generalized solution, w = 0, of the problem under
consideration; if A > A\ then there is another solution of the problem, at
which the functional of total energy of the plate is strictly negative.

This theorem establishes the possibility of applying Euler’s method of
linearization to the problem of stability of a plate.

We note that many works (not mentioned here) are devoted to math-
ematical questions in the theory of von Kéarman’s plates and shells. The
corresponding boundary value problems of the theory are a touchstone of
abstract nonlinear mathematical theory because of their importance in ap-
plications, as well as their not too complicated form.

3.6 The Nonlinear Problem of Equilibrium of the
Theory of Elastic Shallow Shells

We consider another simple modification of the nonlinear theory of elastic
shallow shells when the geometry of the mid-surface of the shell is identified
with the geometry of a plane. This modification of the theory is widely
applied in engineering calculations. Nonlinear theory of shallow shells in
curvilinear coordinates is considered in [26] in detail.

We express the equations describing the behavior of the shell in a nota-
tion which is commonly used along with this version of the theory. Namely,
we let x,y denote the coordinates on the plane that is identified with the
mid-surface of the shell, u, v denote the tangential components of the vector
of displacements of the mid-surface, w denote the transverse displacement



3.6 Equilibrium of Elastic Shallow Shells 205

of the mid-surface, and subscripts x,y denote partial derivatives with re-
spect to z and y. The equations of equilibrium of the shell are

DV*w + Ni(ki — wag) + No(ky — wyy) — 2N1oway — F =0, (3.6.1)

V24 (14 ) /(1= ) (g 4 vy) +
+2/(1 = w)[(k1w)e + wewae + p(kaw)e + pwyway] +
+ WyWey + WpWyy = 0,
V20 4 (14 1) /(1 = ) (uz +vy)y +
+2/(1 = w)[(k2w)y + wywyy + p(k1w)y + prwgwa,] +
+ WpWey + WyWze = 0, (3.6.2)
D, E, i being the elastic constants, 0 < p < 1/2. We consider the shell

under the action of a transverse load F'. The components of the tangential
strain tensor are

€1 = Uy + Kiw + %wi, €2 = vy + kow + %wi, €12 = Uy + Vg + Wpwy.
(3.6.3)

Let us formulate the conditions under which we justify application of
Ritz’s method to a boundary value problem for the shell, and so for the
finite element method as well, and establish an existence theorem.

We suppose §2, the domain occupied by the shell, satisfies the same condi-
tions we imposed earlier for the von Kdrmén plate. Let the shell be clamped
against the transverse translation at three points (z;,y;), ¢ = 1,2,3, that
do not lie on the same straight line:

w(z,y;) = 0. (3.6.4)
It is sufficient (but not necessary) to assume that
w|Fl =0 (3.6.5)

holds on a portion I'; of the boundary.

Let us call Cy the set of functions w belonging to C'Y)(Q) and satisfying
the conditions (3.6.4)—(3.6.5).

For the tangential displacements u, v, the minimal restrictions in this
consideration must be such that Korn’s inequality of two-dimensional elas-
ticity holds. That is (see Mikhlin [19]), we must have

/Q(u2+112+ui+u§+vg+v§)dmdySm/ﬂ[ui+(uy+vz)2+v§]dxdy.

(3.6.6)
One of the possible restrictions under which (3.6.6) holds for all u,v with
the unique constant m is

ulp, =0, v|p, =0, (3.6.7)
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I'y being some part of the boundary of €.

Let us introduce the set Cy of vector functions w = (u,v) with the
components belonging to C?(Q) and satisfying (3.6.7).

We may suppose that some part of the boundary of the shell is elastically
supported (the corresponding term of the energy of the system should be
included into the expression of the energy norm) or that on some part of the
boundary there is given a transverse load (here the term that is the work
of the load on the boundary must be included into the energy functional).
We will not place these conditions in the differential form; they are well
known and can be derived from the variational statement of the problem.
The presence of these conditions has no practical impact on the way in
which we consider the problem.

Let us introduce energy spaces. Let E; be a subspace of W12(Q) x
Wh2(Q) that is the completion of the set Cy in the norm of W12(2) x
Wh2(Q). The Korn inequality (3.6.6) implies that on E; the following
norm is equivalent:

Eh 1
lwl, = 20— ) /9[6% + €5+ 2ueres + 5(1 — p)eis] da dy,

where
€1 = Ug, €2 = Uy, €12=’U/y+’0$,
and h is the shell thickness.
Es, a subspace of W%2(Q), is the completion of Cy in the norm of

W22(Q). On Ey there is an equivalent norm (the energy norm we intro-
duced for the problem of bending of the plate):

1

Jully, = 5D [ (V202 +201 = )2, = o] do dy.

The norms on FE; induce the inner products that are denoted with use of

the names of corresponding spaces. Denote F1 x FEs by E.

Definition 3.6.1. u = (u,v,w) € E is called a generalized solution of
the problem of equilibrium of a shallow shell if for an arbitrary du =
(du, dv, dw) € E it satisfies the equation

/ (Mlém + MQ(SI{Q + 2M125X + N1(561 + N25€2 + N126612) dxr dy
Q

:/F(Swdxdy—i— fowds, (3.6.8)
Q o0

where

My = D(k1 + pK2), My = D(ko+ pk1), Mz =D — p)x,
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Eh Eh Eh
N, = Ny = Nyg= ———
S (€1+ pe2), N -2 (€2 + per), 12 2(1+M)6127
R1 = —Wgy, Ro = —Wyy, X = —Wgyy,

f being the external load on the edge of the shell.

We note that on the part of the boundary where dw = 0, it is not
necessary to show f. However we shall assume that on this part of the
boundary the function f = 0.

It is seen that all the stationary points of the energy functional

1
I(u) = Hw||%z -+ 5 /Q(N1€1 +N2€2 +N12€12)dl’dy7

—/ Fwdxdy—/ fwds (3.6.9)
Q a9

are solutions to (3.6.8) since moving all the terms of (3.6.8) to the left-hand
side we get on the left in (3.6.8) the expression for the first variation of the
functional I(u).

Let us note that for the correctness of Definition 3.6.1 it is necessary to
impose an additional requirement: the terms

/ Féwdxdy + fowds
Q oN

must make sense for any dw € Fs. The set of these loads is called E*. By
Sobolev’s imbedding theorems, sufficient conditions for the loads to belong
to E* are:

F=F+F

where Fy € L(Q) and F} is a finite sum of §-functions (point transverse
forces);

f=f+hfi

where fy € L(0) and f; is a finite sum of d-functions (point transverse
forces on 0€2). Under these conditions, the functional

/F(Swdxdy—F/ féwds
Q 1)

is linear and continuous in dw € Ej.
By the Riesz representation theorem there exists the unique element
g € E» such that

/ Féwdzx dy + fowds = (g,0w)g,. (3.6.10)
Q a0
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Now we can represent I(u) in a more compact form:
1
I(u) = ||”LUH2E2 —+ 5 / (N1€1 + N2€2 -+ N12612) dx dy — (g,w)EQ. (3611)
Q

Let us find the tangential displacements w1, us through w. For this con-
sider the equation

/(N15€1 + N2(562 + N125€12) dx dy =0
Q

in F;. Reasoning as was done earlier, we can easily establish that this
equation is uniquely solvable in E; with respect to w = (u1, uz); the solution
can be written as

w = G(w),

where G is a completely continuous operator. Let us put this w into the
expression of I(u). After this substitution, the functional 7(u) depends only
on w; it is denoted by N(w). Standard reasoning leads us to the statement
that any stationary point of X(w) is a generalized solution of the problem
under consideration.

The functional R(w) has a structure that is suitable for application of
Theorem 3.3.4. To justify the Ritz method it is enough to show that R(w)
is growing. Let us demonstrate this.

Lemma 3.6.1. Let the external load belong to E*. Then X(w) is growing;
that is, N(w) — oo when ||w||g, — oco.

Proof. The proof follows from considering the form of X(w). Indeed, under
the above assumptions, we have

N1€1 + N2€2 + 2N12€12 Z 0.

Then
(g, 0w) B, | < |9l 2. wll£2
SO
R(w) > [lwlE, = 9]z, [w] &,
From this the lemma follows. O

Thus we have
Theorem 3.6.1. Let the conditions of Lemma 3.6.1 hold. Then

(i) there is a generalized solution of the problem of equilibrium of the
shell that belongs to Fy and admits a minimum of the functional
R(w);

(ii) any sequence {w,} minimizing the functional X(w) in F5 contains a
subsequence that converges strongly to a generalized solution of the
problem;
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(iii) the equations of the Ritz method (and thus of Galerkin’s method and
so of any conforming modification of the finite element method) have
a solution in each approximation; the set of approximations contains
a subsequence that converges strongly to a generalized solution of the
problem in E5; moreover, any weakly converging subsequence of the
Ritz approximations converges strongly to a generalized solution of
the problem.

3.7 Degree Theory

This is only a sketch of degree theory of a map, which will be used in what
follows. We begin with an illuminating example.

Let f(z) be a function holomorphic on a closed domain D of the complex
plane, and let 9D, the boundary of D, be smooth and let it not contain
zeros of f(z). Then, as is well known, the number defined by the integral

!
ne & 1@,
ap [(2)
is equal to the number of zeros of f(z) inside D with regard for their

multiplicity.

This is extended to more general classes of maps; this is the so-called
degree theory, a full presentation of which can be found in Schwartz [21].

The degree of a finite-dimensional vector-field ®(x): R™ — R, originally
due to L.E.J. Brouwer, is defined as follows. Let ®(x) = (®1(x), ..., P, (x))
be continuously differentiable on a bounded open domain D with the
boundary 9D in R™. Suppose p € R" does not belong to 0D, then the set
®~1(p), the preimage of p in D, is discrete and, finally, at each x € ' (p),

the Jacobian
0P,
Je(x) = det (ij)

does not vanish. Then the degree of ® with respect to p and D is

deg(p, ®,D) = Z sign Jg (x)

where sign Jg(x) is the signum of Jg(x).

If deg(p, ®, D) # 0, then there are solutions of the equation ®(x) = p
in D. If p ¢ ®(D) then deg(p, ®, D) = 0 and so deg(p, ®, D) determines,
in a certain way, the number of solutions of the equation ®(x) = p.

If there are points x at which ®(x) = p and Jg(x) = 0, then we can
introduce the degree of the map using the limit passage. We can always
take a sequence of points py — p such that Jg(x) # 0 at any x € <I’_1(pk);
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the degree of ® is now defined by
deg(p, ®,D) = klim deg(pk, ®, D).
—00

It is shown that this number does not depend on the choice of the sequence
{pr} and also characterizes the number of solutions of the equation ®(x) =
pin D.

The next step of the theory is to state it for ®(x) being of C(D) (each
of the components of ®(x) being of C(D)). This is done by using a limit
passage. Namely, for ®(x), there is a sequence {®(x)} such that ®(x) €
CM(D) and each component of ®;(x) converges uniformly on D to a
corresponding component of ®(x). Then as is shown, there exists

lim deg(p, ®x, D)
k—o0

which does not depend on the choice of {®(x)}; it is, by definition, the
degree of ®(z) with respect to p and D.

As there is a one-to-one correspondence between R™ and n-dimensional
real Banach space, the notion of degree of a map is transferred to continuous
maps in the latter space. Moreover, it is seen how it can be determined for
a continuous map whose range is a finite-dimensional subspace of a Banach
space.

In the case of general operator in a Banach space, the notion was ex-
tended to operators of the form [ 4+ F with a compact operator F' on a
real Banach space X by J. Leray and J. Schauder [15]. To do this, they
introduce an approximate operator as follows.

Let D be a bounded open domain in X with the boundary 0D. As
F is a compact operator, F(D), the image of D, is compact. So, by the
Hausdorff criterion on compactness, there is a finite e-net N = {xy, | zy €
F(D);k =1,...,n}, such that for every € D there is an integer k such
that ||F'(z) — x| < e. Finally, the approximate operator F; is defined by

o) = k=t (@) seD
B0 =5 @ <P

where pg(z) =0 if |F(x) — x| > € and pp, =€ — ||F(z) — x| if || F(z) —
x|l < e. This operator is called the Schauder projection operator.

It is easily seen that the range of F.(z) is a domain in a finite dimensional
subspace X, of X, the operator F_ is continuous, and, moreover,

[1F(z) = Fe(z)]| <&

when z € D.

By the above, we can introduce the degree of I + F. with respect to p
and D, = DnNX, if p ¢ (I + F.)(0D,,). As is shown in Schwartz [21], for
sufficiently small ¢ > 0 the degree deg(p, I + F., D,,) is the same and thus
it is defined as the degree of the operator I + F with respect to p and D.
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The following properties of the degree of an operator I+ F with compact
operator F' hold:
1. If o + F(z) # p in D, then deg(p,I + F, D) = 0;

2. if deg(p, I + F, D) # 0, then in D there is at least one solution to the
equation x + F(x) = p;

3. deg(p,I,D) =+1if p € D;
4. if D = U;D; where the family {D;} is disjoint and 0D; C 9D, then

deg(p, I+ F,D) =" deg(p,I + F, D);
i

5. deg(p,I + F, D) is continuous with respect to p and F;

6. (invariance under homotopy) Let ®(x,t) = x + ¥(z,t). Assume that
for every t € [a, b] the operator ®(z,t) is compact with respect to z €
X and continuous in t € [a, b] uniformly with respect to x € D. Then
the operators ¥, = ¥(-,a) and ¥, = U(-,b) are said to be compact
homotopic. Let ¥, and ¥}, be compact homotopic and p # x+ V¥ (x, t)
for every x € 9D and ¢ € [a, b]; then

deg(p, I +¥,, D) = deg(p, I + ¥y, D).

The sixth and third properties give a result that is frequently used to
establish existence of solution of the equation

x+ F(z)=0. (3.7.1)
We formulate it as

Lemma 3.7.1. Assume F(z) is a compact operator in a Banach space X
and the equation = + ¢F(x) = 0 has no solutions on a sphere ||z| = R for
any ¢ € [a,b]. Then in the ball B = {z | ||z|| < R} there exists at least one
solution to (3.7.1) and

deg(0,1 + F,B) = +1.

In the next section we demonstrate an application of the lemma.

3.8 Steady-State Flow of Viscous Liquid

Following I.I. Vorovich and V.I. Yudovich [27], we consider the steady-
state flow of a viscous incompressible liquid described by the Navier—Stokes

equations
VAV = (v-V)v+Vp+f, (3.8.1)
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V-v=0. (3.8.2)

Let v > 0. We are treating a problem with boundary condition

V|aQ = a. (3.8.3)
From now on, we assume:

(i) Qis a bounded domain in R? or R3 whose boundary 95 consists of r
closed curves or surfaces Si, k = 1,...,r with continuous curvature.

(ii) There is a continuously differentiable vector-function

a(x) = (a1(x), a2(x), az(x))

such that
ar(x) € CV(Q), V-a=0in Q, a|aQ = a.
(iii) On each Si, k=1,...,r, we have
/ a-ndS=0 (3.8.4)
Sk

where n is the unit outward normal at a point of Sk.

We note that the condition

Zr:/ a-ndS =0
k=1" 5k

is necessary for solvability of the problem.

Let H(£) be the completion of the set S°(Q) of all smooth solenoidal
vector-functions u(x) satisfying the boundary condition, in the norm in-
duced by the scalar product

(u,v)H(Q):/Vu~VdeE/rotu-rotde
Q Q

and so each of the components of u(x) € H(Q) is of W12(Q2). Thus in the
three dimensional case, the imbedding operator of H () into (LP(Q2))? is
continuous when 1 < p < 6 and compact when 1 < p < 6; in the two
dimensional case, the imbedding operator is compact into (L”(£2))? for any
1<p<oo.

We assume

(iv) fr(x) € LP(Q2), p > 6/5 in the three dimensional case (k = 1,2,3),
p > 1 in the two dimensional case (k = 1,2).
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Definition 3.8.1. v(x) = a(x)+u(x) is called a generalized solution to the
problem (3.8.1)—(3.8.3) if u(x) € H(2) and satisfies the integro-differential
equation

(0, ®) 510y :_/[<u-V)u-<1>+(u-V)a-<1>+(a-V)u-<1>+
Q
+(a-V)a-®+vrota-rot ® +f - ®]dQ (3.8.5)

for any ® € H(Q).

It is easily seen that if a(x) and u(x) belong to C®(Q) then v(x) is a
classical solution to the problem (3.8.1)—(3.8.3).

Note that there are infinitely many vectors a(x) satisfying the assump-
tion (ii) if there is one, but the set of generalized solutions does not depend
on the choice of a(x).

To use Lemma 3.7.1, we reduce equation (3.8.5) to the operator form
u + F(u) = 0, defining F' with use of the Riesz representation theorem
from the equality

V(F(u),@)H(Q):/Q[(u-V)u-<I>+(u-V)a-<I>+(a-V)u~‘1>+
+(a-V)a-® +vrota-rot® +f - ®|d). (3.8.6)

The estimates needed to prove that the right-hand side of (3.8.6) is a con-
tinuous linear functional in H () with respect to ® follow from traditional
estimates of the terms using the Holder inequality. But we now show a
sharper result; namely,

Lemma 3.8.1. F'is a completely continuous operator in H(f2).

Proof. Let {u,(x)} be a weakly convergent sequence in H(2). Then it
converges strongly in (L*(Q2))* (k = 2 or 3). From (3.8.6), we get

V|(F(um) - F(un)a i’)H(Q)| =

- ’ (z{[(um —u,) Vi, - ® - (u, - V)(un —u,) - @+

+[(um —uy,)-Via- @+ (a-V)(u, —u,) - ®}dQ
< Mup — an[ o) [l H(0)
with a constant M which does not depend on m,n, or ®. Setting
® = F(uy) — F(u,)
in the inequality, we obtain
V|IF(um) — F(u) @) < M{[um — unlf(a))r — 0

when m,n — oo, and so F' is completely continuous. O
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From Definition 3.8.1 it follows that

Lemma 3.8.2. A generalized solution of the problem under consideration
in the sense of Definition 3.8.1 satisfies the operator equation

u+ F(u) = 0; (3.8.7)

conversely, a solution to (3.8.7) is a generalized solution of the problem.

By Lemma 3.7.1, it now suffices to show that all solutions of the equation
u+tF(u) =0, forallt € [0, 1], lie in a sphere [|u|| (o) < R for some R < oo.
First we show this in the simpler case of homogeneous boundary condition
(3.8.3). Here ae = 0 and thus a(x) = 0. O

Theorem 3.8.1. The problem (3.8.1)—(3.8.3) with & = 0 has at least
one generalized solution in the sense of Definition 3.8.1. Each generalized
solution u(x) is bounded, ||ul|z(q) < R for some R < oo and the degree of
I + F with respect to 0 and D = {u € H(Q) | |lu|| < R} is +1.

Proof. As was said, it suffices to show an a priori estimate for solutions to
the equation u + tF(u) = 0 for ¢t € [0,1]. For a solution, there holds the
identity

(u+tF(u), u)H(Q) =0

or, the same,

v(u,u) g o) + t/

(u~V)u~udQ:—t/f-udQ.
Q

Q

Integration by parts gives

1 d
/Q(u.V)u.udQ_ Q/Q%Zukaxk(u.u)dﬁ

1
_ 75/9(u~u)(v Wd=0 (388

since V - u = 0 and thus, for a solution u, we get

vR
lv(w,u) g o) = ‘t/@f : UdQ’ < 7\\f||LP(Q)||u||H(Q)

with some constant R, or
lullz@) < R.

This completes the proof. O

Now we consider the more complicated case of nonhomogeneous bound-
ary conditions (3.8.3). We need some auxiliary results.

Let w. be a domain in £ which consists of points covered by all inward
normals to 0f2 of the length e. For sufficiently small £ > 0, these normals
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do not intersect and thus in w. we can use a coordinate system pointing
out for a x € w. a point (Q on I and a number s, the distance from @ to
x along the corresponding normal. So for a function g(x) given on w., we
write down g(s, Q).

Lemma 3.8.3. There is a solenoidal vector function a.(x) € (C™M(Q))*
such that a.(x) =0 in Q\ w,,

a.(x)] 5o = @, and  |a.(x)| < Mj/ein Q (3.8.9)
with a constant M; not depending on ¢.
Proof. Let us introduce a function g(x) by

q(5,Q) = {(62 — 52)2/64, 0<s<e,

0, s> e€.

Let a(x) be a solenoidal vector-function satisfying the assumption (ii) of the
beginning of the section. Under the taken assumptions, there is a vector-
function p(x) such that

a(x) = rot p(x).
It is seen that the vector function a.(x) = rot(gp) is needed.

Note that in the plane case, this is a vector (0,0, gu) where ¢ (x1,z2) is
the flow function of a(x). O

Lemma 3.8.4. For u € H(Q), we have

/ |u\2dQ§M2252/ >

Y]

2

0ui )™ 4o (3.8.10)

6.23]'

with a constant M, not depending on u or €.

Proof. We show (3.8.10) for a smooth function. The limit passage will prove
the general case. So for points of w. we have

u(s,Q) = /0( %};Q)dt.

By the Cauchy inequality

[ m@pa- [
</

e % |ou(t,Q)
< 2/0

2
ds

* du(t, Q)
/0 D) gy

du(t, Q)
ot

2
dtds

2
dt.

ot
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It is easily seen that for any g(x)

ml/ / dst</ g dQ<m2/ / $,Q)dsdS
o0 w o0

€

/|u|2dQ<m2/ / lu(s,Q)|*ds dS

dt as

and so

< mgo

o0 2

2
ma o ou;
< —= E dQ.

- 2m1€ /ws o ‘8%

O

To apply degree theory to the problem under consideration, it remains
to establish

Lemma 3.8.5. All solutions of the equation
u+tF(u) =0 (3.8.11)

for all ¢ € [0,1], are in a ball [|ul| g ) < R whose radius R depends only
on f, 90, a, and v.

Proof. Suppose that the set of solutions to (3.8.11) is unbounded. This
means there is a sequence {t;} C [0, 1] and a corresponding sequence {uy}
such that uy + ¢t F(ug) = 0 and

||UkHH(Q) — o0 as k — oo. (3.8.12)

Without loss of generality, we can consider {¢;} to be convergent to ¢y €
[0, 1] and, moreover, the sequence {uj}, uj = ur/||url|m(q), to be weakly
convergent to an element uy € H(Q) since {uj} is bounded.

Let us consider the identity (uj + t5F(uy), ug) = 0, namely,

—vluglf o) = tk/ (ac - V)uy - up d2 +
—|—t;€/[(aE -V)a. - ug + vrota. - rotuy + £ - ug] dQ
Q
(3.8.13)

which is valid because of (3.8.8) and a similar equality

/ (ug - V)ag - up dQ2 = 0.

=
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The first integral on the right-hand side of (3.8.13) is a weakly continuous
functional with respect to ug, and for the second integral we have

/ [(ac - V)a. - ug +vrota, -rot ug, + f - ug] dQ| < Ms||ug|| o)
Q

where M3 does not depend on ug. Dividing both sides of (3.8.13) by
||u;€|@l(m, it follows that

—v = to/ (ac - V)ug - ug dQ. (3.8.14)

€

We note that this holds for any small positive e < g¢ with a fixed ¢¢ for
which the above construction of the frame for w,, is valid. To prove it, take
e=n<egg

Wi = Ui + a2, —ay

and consider the identity
(uk + th(uk), Wk)H(Q) =0

which takes the form

oWl = t / (8, - V)wy - wy dO +

Wy

+ g / [(ay - V)a, - wi + vrota, - rot wy + f - wy] dQ.
Q
Divide this equality by ||U.k||?{(Q) term by term. Consider the sequence

Wi = uj + (- —ay)/|[u] ro)-

Since [|ugl/g) — oo, we have (a. — a,)/||uk|lz@) — 0 strongly. Since
luj |z =1, we have that ||wi| ) — 1. Besides, it is clear that wj —
uy weakly and thus we get the needed equality (3.8.14) again.

Now we show that the limit of the integral on the right-hand side of
(3.8.14) is zero. Thanks to (3.8.9) and (3.8.10), we obtain

/ (aE~V)u0-uOdQ‘ < M; M, \rotu0|2dQ—>O

We

as € — 0. Since v > 0, we have a contradiction which completes the proof.
O

Now we can formulate

Theorem 3.8.2. Under assumptions (i)—(iv), there exists at least one gen-
eralized solution of the problem (3.8.1)—(3.8.3) in the sense of Definition
3.8.1. All generalized solutions of the problem are bounded in the energy
space and the degree of the operator I + F' of the problem with respect to
zero and a ball about zero with sufficiently large radius is +1.
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Problem 3.8.1. Check which of the assumptions (i)—(iv) are not necessary
in proving Theorem 3.8.1.



