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Appendix A

Formulary

For convenience we list here the main tensor formulas obtained in each
chapter. Note: the symbol V denotes the universal quantifier (read as “for

all” or “for every”).

Chapter 2

Reciprocal (dual) basis

Kronecker delta symbol

5t = b j=i
¥ . .
0 j#i1i
Definition of reciprocal basis
€j- el = 6;:
Components of a vector
. . a’;i =X - ei
x =z'e; = x;€
Ty =X-€;
Relations between dual bases
. 1 1 .
el = V(ej X ey) e = W(ej x ")
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tens
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where

(i,5,k) = (1,2,3) or (2,3,1) or (3,1,2)

and
V:el-(e2><e3) ]
Vi=1/V
V'=el (e? xe?) /
Metric coefficients
g7l =el - et :
. 919" = 6}
Gip = €; - €p
In Cartesian frames,
=67 =
9ij i 9 J

Dot products in mized and unmixed bases

a-b= aibjgij = aibjgij =a'b; = a;b’
Raising and lowering of indices

;= .’Eigij ot = acjgij

Frame transformation

Equations of transformation
e;, = A‘Zé] A
where
Fi Ak — Ad Gk _ sk
AjAT = AJ AT = 6;
Vector components and transformation laws

x =x'e; = ;' = i'é; = ;€
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and

# = Al

.’fi = AZ(E]

Miscellaneous
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Formulary

o = Ay

T; = AZ(E]

Permutation (Levi-Civita) symbol

-V
LO

€ijk :ei-(ej xek) =<

(7,4, k) an odd permutation

two or more indices equal

149

r+V (i,J, k) an even permutation of (1,2, 3)

of (1,2,3)

(v (i,7,k) an even permutation of (1,2, 3)

eF = el (el xe") =4 -V’ (i,j, k) an odd permutation of (1,2,3)
LO two or more indices equal
Useful identities
or ol or
eijkcpqr = (‘S;) (5;1 (S; Cijkequ = (S;D(S;I — 636;’
ok Op Of

Determinant of Gram matriz

Cross product

V2 = det|gy]

axb= eleijka]bk = eie”kajbk

tens
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Chapter 3

Dyad product

Properties

(AMa)@b=a® (Ab) = Aa®Db)
(a+b)®c=a®c+b®c
a®(b+c)=a®b+a®c

Dot products of dyad with vector

ab-c=(b-c)a
c-(ab) =(c-a)b

Tensors from operator viewpoint

Equality of tensors
A=B < Vx, A-x=B-x

Components

Qi —ei A el
a;j=e;-A-e;j
a?] ei-A-ej
a;j:ei-A-ej

Definition of sum A + B
Vx, (A+B) x=A-x+B-x
Definition of scalar multiple cA

Vx, (cA)-x =c¢(A - x)
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Definition of dot product A - B

(A-B)-x=A-(B-x)
Definition of pre-multiplication y - A

Vx, (y - A) - x=y-(A-x)

Definition of unit tensor E

Vx, E-x=x-E=x
Unit tensor components

E = e'e; = ejej = gijeiej = gijeiej

Inverse tensor

A A'=E

(A-B)'=B'.A!
Nonsingular tensor A
A x=0= x=0
Determinant of a tensor
det A = |aj/ | = |a'_“m| = $|ast| = g|aP|

— mnp,, - i,j,k
= —€ijke" Pa,,'ay’a,

6

Dyadic components under transformation

Transformation to reciprocal basis

i
Qgm = @ ]gkigjm
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More general transformation

ei = Ale; = 'l =abm AL AT,

where

s}

U= A} Ald"
Ak Al

ij = Az Ajakl

~i __ At Al Kk

a'; = ApAja’

53 JkoAd -l
ai = AjAjay,

Q

More dyadic operations

Dot product

ij _ Ji jizkl
a’ = ApAja
k Al ~
aij = Az Ajakl
i At Al =k
al; = AL Aja7,

o Ak jix-l
ay = Aj 4ja,

ab-cd = (b-c)ad

A-(Da+pb)=XA-a+pA-b
(M +uB)-a=)A-a+puB-a

Double dot product

ab--cd = (b-c)(a-d)
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Second rank tensor topics

Transpose
AT = alieje; = ajie’e’ = alele; = a;"eiej
A -x=x-AT
(AT)" = A
(A-B)T =BT .AT
a-CT'.b=b.C-a
det A™' = (det A)™* (A-B)y'=B'-A"!
(AT)—I — (A—l)T (A—l)—l — A
Tensors raised to powers
A=A A=A - A"l forn=1,2,3,...

A=A A7 forn =2,3,4,. ..
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Symmetric and antisymmetric tensors

symmetric: A=AT, vx, A-x=x-A

antisymmetric: A=—-AT

A:%(A+AT)+%(A—AT)

FEigenpair

A -x=)Xx
Viéte formulas for invariants
Il(A) = )\1 + AQ + )\3 = trace A
IL(A) = M2+ M3+ Aa)s
I3(A) = /\1)\2A3 =det A

Orthogonal tensor

Q-Q"=Q" - Q=E

Polar decompositions

A=S-Q Q orthogonal
A=Q-% S, S’ positive definite and symmetric
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Chapter 4

Vector fields

Some rules for differentiating vector functions

d(e1 (t) + e (t)) _ d61 (t) + d62 (t)

dt dt dt
d(ceq (1)) _ cdel(t)
dt dt
d(f(t)e(t)) _ df(t) de(t)
i WO

d ! !
g e1(t) -ea(t)) = e(t) - ea(t) + es(t) - e5(7)

L er(t) x ea(t) = (1) x ea(t) + e1(8) x e4()

dt
and
%[el () ex(t) es(t)] = [e}(t) ex(t) es(t)]+
+ [e1(t) ex(t) es(t)]+
+ [e1(t) ex(t) e5(t)]
where

[e1(t) e2(t) es(t)] = (ex(t) x ex(t)) - es(t)
Tangent vectors to coordinate lines

_ or

r; = 8_qz 1= ]., 2,3
Jacobian
oz’
= - X = n
Vg=r1 (ry x r3) o ‘

Pointwise definition of reciprocal basis
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Definition of metric coefficients

Transformation laws

. e 17
~ y o O¢
T = Ajr; A= 5z

f=aip =4y F=AF fi=Alf
Differentials and the nabla operator
Metric forms
(ds)* = dr - dr = g;;dq'dq’
Nabla operator
;0

V= r’a—qi

Gradient of a vector function
df =dr- V=V dr

Divergence of vector

of

divf:V-f:ri-aqi

Rotation and curl of vector

of
oq'

. 1
rotf =V xf=r"x w:irotf
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Divergence and rotation of second-rank tensor

V-A:ri-a(?]iA VxA:rixaiin

Differentiation of a vector function

Christoffel coefficients of the second kind

81','
og¢’

_ 1k
— F”I‘k

Ffj = Ffi
Christoffel coefficients of the first kind

1 (0gir  Ogij 0gji\ _
9 <8q-7 + 8(]’ 8qt = Fz]t

Tijr = Tjin

Covariant differentiation

of -
o t"Vify =1,V fI
Ofi j ,_ Of ;
= — — F]» . i ZJ Tt t
ka aqk sz] ka 8q’“ + ktf

Vf = riI‘jV,’f]‘ = rier,»fj

Covariant differentiation of second-rank tensor

A =Varirj = Viair'r! = Via/r'r; = Vka?jrir]

oq*
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. Oa¥ S o Oa;;
J
Vka” = a5 + F}csa” + Fisals Vkaij = a0 ,S“»asj — szais
dq dq
. aa'.j . . . i . .
J — 1 s o] J 8 T __ -J T s s 1
Vkai = aqk — Fkias =+ stai Vka.]‘ - a—qk + sta_]‘ — ija_s

Differential operations

V x £ = et 9
aqt

N
m \/gaqn

1 0

Vf=—2
V9 04’

(Vaf)

VxA= Ekinrn% (rjaij)

1 0 y
. e .
V-A \/gaqz (\/ga I‘])

. o f of
V2f—_V-Vf— ij R Lt
B g <8qi3qj F” 311'“)

Vif=VIVf, V=gV,
V2 =1; ViV, fi
VV -f =1'V,;V; f

VxVxf=VV.f—Vf
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Orthogonal coordinate systems

Lamé coefficients

(H:)* = gii
ri :rz/(Hz)2 i= 17213

Differentiation in the orthogonal basis

Hi 8qi H,H] 8qi Y Hk Hz 8q’“

VFf — §.5 (iafj fi OH; 5 fr 1 3Hi>

0

Veif=—nr— (8—q1 (H2Hs3f1) + ati (HsH1f2) + 8iq3 (H1H2f3)>

a0 0
Vxf= Eﬁ <8_q’ (H]f]) 8qj (H,fl)>

_H1H2H3 a—ql H, 0q¢*

o (H oY
d¢*> \ Hy 0¢?

0 (Hi 0f
d¢> \ Hs 0¢3

vy | [8<H2H38_f>+

Integration formulas

Transformation of multiple integral
/ flar, 22, 23) doy vy day = / fla',¢*,¢%)J dg" dg* dg’
v v

8:51»
OqJ

J=g=
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Integration by parts

/ ﬁgdacldamdacz;:—/ @fdxldwgdwg—l—/fgnkds
v Oz v Ozy, s

Miscellaneous results

/Vde:/fndS /V-de:/n-de
1% S Vv S
/Vde:/nde /fodV:/nxde
1% S Vv S

/VAdV:/nAdS
v s
/V-AdV:/n-AdS
v s

/VxAdV:/nxAdS
1% s
ff-dr:/(nxV)-de
r s

j{dr-A:/S(nxV)-AdS
jéA-dr:/S(nxV)-ATdS

Chapter 5

Elementary theory of curves

Parameterization
r =r(t) or r =r(s)

Length

5= /ab v’ (¢)] dt
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Unit tangent

Equation of tangent line

r =r1(ty) + Ar'(to)

z—a(to) _y—ylto) _ z—2(to)
@' (to) y'(to) 2'(to)

Curvature

(r'(t) x x"(t))?

ki = |x"(s)| ki = 2 (1))?

Radius of curvature
R - ]./k1

Principal normal, binormal

I.II (S)

s B=T1Xxv

vV =

Osculating plane

[r —r(s0)] - B(s0) =

r—x(to) y—ylto) z— 2(to)
' (to) y'(to) 2'(tg) |=0
"(to)  y"(to)  2"(to)

Torsion

fey = — (r/(s) x r”(S)) . r”’(S) by = — (I"(t) x I‘”(t)) -I‘”'(t)
k% (I" (t) x ! (t))Q




December 23, 2002 7:39 WSPC/Book Trim Size for 9in x 6in tens

162 Tensor Analysis

Serret—Frenet equations

v =kv
Vv = —le — kQ,B
ﬁ = k‘gl/

Theory of surfaces

Parameterization

Tangent vectors, unit normal

Tr1 XTIo
r1 XTIy

First fundamental form

(ds)? = gijdu’du?! = E(du')? + 2Fdu'du® + G(du?)?

E:rl-rl F:rl-rQ G:I‘Q'I‘Q
Orthogonality of curves
Edu'di' + F(du'da® + du®di') + Gdu?da® = 0

Area

S:/ VEG = F? du' du?
A
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Second fundamental form

d’r -n = L(du*)? + 2Mdu*du® + N(du®)? = —dr - dn

&%r &%r 0%r
(Ou')? Outou? (Ou?)?
Normal curvature, mean curvature, Gaussian curvature
ko = kq cos? ¥ = angle between v and n

1 1LG — 2MF + NE
=+ k)= LG +

2 2 EG - F?
LN — M?
K=Fk_.k = ——
minfimex =m0

Surface given by z = f(x,y) in Cartesian coordinates

Subscripts z,y denote partial derivatives with respect to z,y respectively.

E:1+fz2 F:f:tfy G:1+fy2

BG—F =1+ %+ f,° S:/x/1+fw2+fy2dxdy
D

_ —faly — fyia +1i3

N A

n
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faz

1+ f.° + fy
fay

1+ .7+ f,°

L=r,;, -n=

]

M=r,y -n=

N=ry, -n=

i

1+ .2+ f,)°

fmfyy — fwa

K= 2
1+ £+ 1,7

Surface of revolution about z-axis
z=9¢(u) 2=
(ds)? = (¢'2 + ¢'2) du® + ¢* dv?

1/)”¢I _ ¢Il,¢)l du2 + 1/}/¢ dv2
/¢/2 + ,(/)/2 /¢/2 + 1/)/2

—dn - dr =






