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Fourier Analysis (1/7)

[ z_2:g(t) = nonperiodic deterministic signal
OFourier transform G() = [ g(t) exp(= j27it)dt
O F 2z » & ==G(f)Rinverse Fourier transform
g(t) :I_OOG(f)exp(jZHft)df :Ej_mG(a))exp(jwt)dw
[ITransformable
O D|r|chlet s conditions (Zv 4 2L &)
0¥ - ”‘“Elva'“ﬁx BolEE 2GR
0. aﬁ”fé | g(t)|dt < o
[ % w2218 ; ehergy signals( | g(t) | dt < o
[JFourier transform=Spectrdm’
[ |G(f)| magnitude spectrum, {G(f)} phase spectrum 2024




Fourier Analysis (2/7)

[1Properties of the Fourier transform
ag,(t} + bgylt) = aG{(f) + bG,(f)

1. Lineanty where 2 and b are constants
e d f
2. Time scaling glat) = 1] G(a)
where 4 is a consrant

then Git)y = gi—f)
4, Time shifting gl — ) = GUf) expl—727fi)
5. Frequency shifting exp(i2#@f.tig{t) = G{f — f.)

6. Area under g(t) jm glt) dt = G0}
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Fourier Analysis (3/7)

7. Area under G(f) gl = J‘_m G(f} df
d ;
8. Differentiation in the time domain rr glt) = i2wf G{f)

‘ 1 G(0
9. Integration in the time domain J’x gindr=—-—G{f) + ) 8(f)

j2af 2
10. Conjugate functions :fnen gg{}tr iG{{;{}{,n f)

11. Multiplication in the time domain g.(¢)g2(t) = J’_ G{AGLf — A) dA

12. Convolution in the time domain J_m gil7g(t — 7) dr = G{f}Galf)
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Fourier Analysis (4/7)

[1Dirac delta function
[z 7 transform 2z # $2 Dirichlet conditions
[ % & Fourier series % Fourier transform
[J i 3§ * power signals
[IDirac delta function or ynit impluse: % even fun.
o(t) =0,t #0and J'_ooé(t)dt =1

[1Shift property o
|-, 9 (t=to)dt = g(to)

CJReplication property ([_o:o g(r)o(t-1)dr =g(t)

t=2>1, t;=2>t, &(t -t )= O(t- 1)
225 % » 7 5 = H =5 f pulsesHlimiting form

\ /
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Fourier Analysis (5/7)

[1Fourier Transforms of periodic signals
[1:¥ #p I fgecomplex exponential Fourier series

[l 2 :
gr, ()= > cnexp(j2mfyt)

n=-oo
[J Complex Fourier coeffiecient
1 T,/2 )
Cn =—I_ g, (t)exp(-j2rmfyt)dt
ToJ-To/27 0
O A3 H T, f=1UT,
04 5082 ¥

0, o, (t) -T,/2<t<T,/2

git)=0

then t) = S t—mT,
0 0 elsewhere 9, (1 mng( o)
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Fourier Analysis (6/7)

0 i c, = I“(( 2jz)g(t)exp(— j2rmf t)dt = £,G(nf,)
then g, (t) = Zg(t mT,) = f, zG(nf yexp(j2mf t)
O#pssp ™
O Sfe? - PR B FFE 28 VDR
O 33 8p S0 ficdd 38 B 5 3Rt A 5 A0 i
[1Fourier-transform pairs: A6.3

[1 Transmission of signals through linear systems
[1System: input (excitation) 2 # output (response)
[J Linear system: £ principle of superposition

[ pF 388 2_ 7% 6= 28 Jixh(t): zero initial condition, input=4(t)

U Time invariant?] response £ inputp= & & i AZ-TI24

Fourier Analysis (7/7)

O & 2P 5 2. ot X (1) 22 8y (t): convolution integral
[0 Commutative: y(t) = x(t) Ch(t) = h(t) Ox(t) = J' x(T)h(t-7)dr
(] P F B 1% ,,%r’;\EéfF'“r Bt i SiiefaprFET
D+B§F"‘"mﬁi}a IS SR SR E RIS | ALY
(s %3 réa ﬁi)# h(T)x(t-T)dT
[1Frequency response of linear time-invariant system

Dt 5 20 s H(F)=F[h(t)]

O #% » x(t)=exp(j2mift),# 4 '.y(t)=H(f)exp(jZTrft)
I—_ll_%f‘}tﬁﬁgal)‘ ’ "Ju I__E‘H;F"}{“%Jq ""I"-r "‘\'—' ‘}}:F'7H(f)

[ 45 B % 77 ;= H(H=|H()|exp[jB(N], |[H(F)| magnitude response,

B(f) phase (response)
O #&h(t) 5 7 # > PJH(f) 5 conjugate symmetry » F|H(f)| 5 & &
IHOEHED - B & # &0 85<B()=-B(-F)

[ 4% & ¥ 2 7 log H(f)=log|H(f)[+]B(f) =a(f)+jB(f)
Oa(f) = gain » & i~ % neper, B(HE = 3 /& &
[ Neper vs. dB: a’(f)=20 log,|H(f)|=20 log|H(f)|/2.3=8.69 a(f)  A2-8/24




Bandwidth (1/4)

- & 2k
[] m%ifr% 3 47 & edy it F_inversely related
\“#Fﬁwﬁ'ﬁigzﬁﬁvﬁﬁﬂ*m’% % I8 fe BF
0 - _§p LR Y - i E (B € 0] ) o sine(X) T — B

AR 3 R &AHN 5 rmpcﬂv‘ AR S s e
] smc(ZWt)ﬂtp F & W ((Frrect(zy) , well defined)

[J & Main lobe (null)
OLow-pass:i - £ » H| > BgPFRERET, A E2/T, g5 UT
O Band-pass: i £ f 5 @ o f 45 < PIAE R 2 £ 50 Fnull-
to-null bandwidth
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Bandwidth (2/4)

[1 3-dB bandwidth 20|0g10% =10(log,, 1-log,, 2) =10%(-0.301) = -3
O > # % S0PF B o RIFRIGHT 3 0 4 5 30 78 3
B )
O#F @ > *tp:%ffﬁﬁms AR I T L
% m}/\/— P e HE S F
O g2k @ RELT A RI(1dBE 1) 2dd ) 4428
R LI N g RS CHER IR
[1 Root mean square (rms) bandwidth (for low pass)

ONormalizes # % 4 5 [G(F)
ﬁ(: p(f))
J‘_w|G(f)| df

0 W =E(f2) (A2.25)

2 RFETAEE

O s B4 1 4 AT

AN I
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Bandwidth (3/4)

[1 Time-bandwidth (bandwidth-duration) product
[IPulse signals=rduration £ bandwidth=sk ## = % #c
[ ¥ @ time-scaling property of Fourier transform !
OB E IR BV EHE > R B2
[1Noise equivalent bandwidth
(11438 Jg ik B > White noise with zero mean power

spectral density Ny/2 » B R

ﬁ% :"' ﬁlﬁt;% ¥ :% NO/(4RC) , Whitec W _gCoIored
half-power (3-dB) bandwidth noise c nose
1/(2mRC) o T o
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Bandwidth (4/4)

43 gt % > White noise with zero mean
power spectral density No/2 » R g _f MO df

H2(0)
Noyt :%ﬁo\H(f)\zdf = NOLOO\H(f)\de
Nout =52 (2B)H 2(0) = NoBH % (0)

IH(HI?
| : ldeal low-pass
I e filter
I
I
| I Arbitrary
low-pass filter
' |
| !
) | f
-B 0 B A2-12/24




Hilbert Transform (1/2)

O d ~ &k -~ Hmp
[1Fourier * % frequency-selective,
Hilbert* # phase-selective
O H|Ibert trq_nsform §(t) #-2n %”i?i 90°
gt == J’ —TdT— (t)DE 5(0) 4
O Inverse Hllbert transformg(t) = - —I ﬁdr g(t)[l—
[ Hilbert-transform pair: Table A6. 4

[+ 4R = g(t)¥2 1/mtz_ convolution 01 >0
O F(1/mt)= - j sgn(f), signum function sgn(f)=Ho, f=0
H1, <0
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Hilbert Transform (2/2)

O Fourier transform é(f) =—jsgn(f)G(f)
O Hilbert transformer: #-f 2t 55 i #7 & 384 =4 §
R » FAEF A =B 20K - & ] 72
[1Properties of the Hilbert transform
[1£2 Fourier# = - Hilbert transform s & p= &
OiEzkg(t) & 7 &
O#E e o2 43~ [ 1p
O#a xRl @-gt) (F15 % 8 1 f 455+ #1808 )
O Orthogonal:fw g()§()dt =0
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Complex Representation of
Signals and System (1/10)

[ Pre-envelope (analytic signal)g+(t) = g(t) + jg(t)

[JFourier transform [2G(f), f >0
0§ % & .G, (f) =G(f)+sgn(1)G(f) =[6(0), =0
OF a4 5% AF L 9, f <0

Ordf gy B Rili s §
Od g(t)i+ 2 g, () fa> 5
O st &Hilbert transform » & $.g,(t)
0 £ 4£G(f) » £ £G,() » £ #wg,0)
[ g #g & 2_pre-envelope g_(t) = g(t) - jg(t) = 9+ (t)
0% tf 454 @ (A2.41)
0 g.(t)+g.()=29(t) A2-15/24

Complex Representation of
Signals and System (2/10)

[1Canonical representations of band-pass signals
O- & 53Tk
[1 Band-pass signal (2W): #2W 12 ¢k 2 2 57 ek
[1 Carrier frequency f .7 i@ 5Lz ¢ < 3f F4f,

[J Narrowband signal: 2Wig -] »>f, » RIFEe 5L 5 F 4R
el

|
I
l
!
oW 2w A2-16/24




Complex Representation of
Signals and System (3/10)

|G
G ()]
26 —————— 216(£,)|
|
|
|
|
|
|
|
|
|
f
0 f- Wf f+W 4 -w 0 W

L] g+(t) % % 9+(t) = g(t)exp(j2rdf b
Og(t)s # complex envelope » i Fouriersg & = #

&M,
FHo B L M g A2-17/24

Complex Representation of
Signals and System (4/10)

[ 254 % complex envelope %2 canonical form
Og(t) = Re[g. ()] = Re[g (t) exp(j2rt)]
O Cartesian formg (t) = g, (t) + jgq(t)> g,() 2 go(t) % = ML
[0 Canonical (standard) form g(t) = g, (t) cos(27f.t) - do (t)sin(2rf .t)
[Jg,(t) in-phase component, g,(t) quadrature component

O Bl7F #.P7 : Phasorsp 3k Bl & B AP 4c ~ £ B 4P 3%k

8o Imaginary
axis Rotate at th
rate 2xf;

2nf¢ Real

0 axis
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Complex Representation of
Signals and System (5/10)

0 9/(1)-9o(t)F & r2f & ¢ & i

03 305 1 P 0
Rotate at the

wz &S,

J*
\
\
\
\
Ay

et Regl
Complex Representation of
Signals and System (6/10)
Og,(H) ~ o) = g(t)2- & #
g0
- e e
cos (2mf,f)
2 cos (2mf,0) _ Qscillator
{ :' g

-2 sin {2wf.0) sin (2mf,1)
o Low-pass
'—é > filter > sl ch{rJ
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Complex Representation of
Signals and System (7/10)

[1Polar form g (t) = a(t) exp[ jo(t)]
Ca(t)z @t) '® 5 F #cidid
0g(t) = Re[a(t)exp(j2rf t + jo(t))] = a(t) cos[27t ;t + @(t)]
hybrid form of AM and angle modulation

O a(t) = g(t)z (natural) envelope » @(t) = H phase
[ 2, &
[J Band-pass (modulated) signal = % %
[J In-phase # quadrature components
[JEnvelope % phase

O#F3 F3p % = > % F tcomplex envelope
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Complex Representation of
Signals and System (8/10)

[ Terminology (= #éenvelopesz. #.F? )
O Pre-envelope g, (t):3 0 55 & #7 F 3R 4 (2. & &
[0Complex envelopeg (t): Pre-envelope = #5 & 47
[Envelope: a(t) = g(t) = 9. (t) [Z 9(t) |
[JReal or complex, low or band pass (¥ 3 %£32)
[19,(t): complex, band-pass, depends on f,

0 g(t): complex (generally), low-pass
[T a(t): real, low-pass

[0 & BE Tzt (¥ 3 FIL)
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Complex Representation of
Signals and System (9/10)

[1Band-pass systems
OBand-passzt 5.7 45 4 47 » #1110 A 47 8 | 254
CONarrowband x(t) » &R+ 2LpF % F i % 32 % v
B ahE) > w7 & 210 forme 47 # B 7 3%
Oh(tF @ h(t) ~ ho(t) 418 & H() £ @ (F i)
O 41 y(t) = Re[y(t) exp(j2rf t)]
02y (t) =h(t) Ox(t)

: 4 T e —
‘——r %) ... 25()
L h(s) c
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Complex Representation of
Signals and System (10/10)

xg(2) k(B
\ 2y (1)
B ZY| (t) = h| (t) DXI (t) - hQ (t) DXQ (t)
hg(n)
hain
- i 2y, (1) = hg () Ox, (t) +h, (t) Dx, (1)
2y}
xo(0) R |
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