LOG and TIMBER JOINERY SOLUTIONS

using  LINEAR ALGEBRA
by Joseph Bartok


As an amateur mathematician, I am asked now and again by our local log builder, John DeVries Log Homes, to design joints for timber framed and log roof systems. Sometimes, solutions that appear straightforward can prove to be challenging. Consider the interlocking truss system shown in the Isometric Projection, Diagram 1. Two 8/12 rafters meet two beams at each corner of the structure. Since the faces created by the compound angle cuts are visible, the adjacent faces must match.


Entering the pitches and total deck angle values (Diagram 2) in a spreadsheet designed for this purpose quickly generated a list of layout and saw bevel angles. Experimenting with some dowels and cardboard models just as quickly showed that working to standard plumb and level reference lines produced badly mismatching faces. This wasn’t going to be as easy as it seemed!


First, a word about the math. The reader needs some familiarity with linear algebra and trigonometry. The equations necessary for a solution will be given without proof. Any text on vectors, matrices, or linear algebra has more detail for anyone who wishes to pursue this subject. In addition, while the theory is not complex, the computations can be tedious. A spreadsheet to solve the required vector quantities and trigonometry, or a programmable calculator that can solve matrices, is an asset.


Going back to the problem of matching compound faces: A plumb line of convergence was not the answer. However, it seems reasonable that there must be some line, tilted with respect to plumb, where, with correct cutting, the logs of equal diameter could meet and adjacent faces match. To begin solving this problem, we need to be able to calculate values of angles for cutting and dimensioning. Normally, angles expressed in terms of arctan are more useful for timber framing, since tangent = rise/run and translates directly to measurements on a framing square. Referring to Diagram 1 for definitions of the angles:

                      tan(HIP) = tan(PITCH)sin(DECK)


          tan(DECK) = cos(PITCH)/tan(ROOF)

However, since the subject is linear algebra, here are some equations initially solved using vector cross and dot product formulas; note that they use arcos or arcsin:

          cos(BACKING) = cos(PITCH)/cos(HIP)


                                     = sin(DECK)/cos(ROOF)


          sin(ROOF) = cos(DECK)cos(HIP)


          cos(DECK) = sin(ROOF)/cos(HIP)


Here is a list of the angles; these would be the standard values used to frame to plumb and level lines. In this case, the 8/12 pitch angle also serves as the hip angle. Diagram 2 shows the calculation of the pitch angle for the corner plane.

	ANGLES with respect to ACTUAL DECK 


	ANGLE
	8 / 12 SIDE
	115/16 / 12 SIDE

(CORNER)

	PITCH
	33.69007
	43.31386

	DECK
	90.00000
	45.00000

	HIP
	33.69007
	33.69007

	ROOF
	0.00000
	36.03989

	BACKING
	0.00000
	29.01714



However, we need another set of angles calculated with respect to a theoretical oblique line to which the rafters converge. (For the next set of calculations, I’m going to call all four members “rafters”). This line is perpendicular to some plane; let’s name this plane the “inclined deck”. If the rafters are to meet equally, their diameters, lengths, and pitches with respect to this plane must all be equal. Let all the lengths equal one unit, an easy number to work with.

We also need a frame of reference against which to measure and calculate values for our points, lines (vectors) and planes. The roof system may be positioned against the mutually perpendicular x, y, and z axes in whatever manner is convenient and simplest, therefore the logs are oriented so that the beams lie on the +x and +y axes, and the z axis is plumb. Since the lengths all equal one, some simple trigonometry (Diagram 3) will show that the feet of our rafters now lie at the co-ordinates shown in Diagram 4.

Subtracting the values of the co-ordinates, beam minus rafter, yields the values of the components of vectors a and b; note that both lie on the inclined deck. The cross product r = a x b yields a vector perpendicular to the inclined deck (Diagram 5). In terms of the components of a and b, r = (yazb - ybza)i + (zaxb - zbxa)j + (xayb - xbya)k

	SUMMARY of VECTOR QUANTITIES

	VECTOR
	COMPONENTS or DIRECTION NUMBERS

	a
	0
	1.83205
	.55470

	b
	1.83205
	0
	.55470

	r = a x b
	1.01624
	1.01624
	-3.35641



Now that we have direction numbers that define our inclined plane, it’s time to do some checking. In this case, our intuition tells us it is possible to create an inclined deck that cuts all four rafters. However, if the inclined plane tilts in a more complex fashion at a compound angle, or if there are more logs converging at odd angles, we need a better method of testing our work for accuracy.

The components or direction numbers of r are also the coefficients of the general equation of any plane perpendicular to r:


1.01624x + 1.01624y - 3.35641z + d = 0


If d is assigned no particular value, there are an infinite number of planes defined by this equation. The value of d determines the specific plane we are working to and is found by substituting the initial co-ordinates of Diagram 4, ( 0, 1, 0 ), ( 1, 0, 0 ),              ( 0, -.83205, -.55470 ), ( -.83205, 0, -.55470 ), in turn, for x, y, and z in the general equation. In this case, the points all lie on the same plane, and d is the same for all the sets of co-ordinates substituted. Given a scenario where multiple rafters converge, only four initial points to determine one vector cross product and general equation are needed to implement this test; the remaining points representing the rafter feet we need only substitute. If the points do not all lie on the same plane, the values of d will not be equal. This also means there is no possible point of convergence, and it is time to abandon this attempt at a solution, and try something else, perhaps re-sizing the rafters.



Assuming the results of our tests are satisfactory at this point, we can rearrange the dot product equation to give a formula for the angle between two vectors.



arcos((xrxk+yryk+zrzk)      xr^2+yr^2+zr^2       xk^2+yk^2+zk^2 )

 The direction numbers for plumb, unit vector - k on the z axis, are ( 0, 0, -1 ), and we have solved r. Therefore, the angle between plumb and r, which equals the angle between the inclined deck and the actual deck, is equal to:

arcos(3.35641/ 3.65116) = 23.18011 degrees.


Diagram 6 shows the calculation for two of the pitch angles with respect to the inclined deck. The values of the roof plane angles are half the total angle between ridges. Using the formula tan(DECK) = cos(PITCH)/tan(ROOF), the deck angles with respect to the inclined deck can be determined (Diagram 7). Much as the deck angles with respect to the actual deck are used to set saw bevels if framing to normal plumb and level lines, the deck angles just calculated are the saw blade settings to make cuts when working to the inclined deck.

The BACKING angles may be solved: cos(BACKING) = sin(DECK)/cos(ROOF)


Calculate the HIP angles using any of:


tan(HIP) = tan(PITCH)sin(DECK)


cos(HIP) = cos(PITCH)/cos(BACKING)


cos(HIP) = sin(ROOF)/cos(DECK)

Any of the above formulas, using either corner plane angles between the rafters or the angles between the beams, (using them consistently, that is), gives a value for the HIP angle, with respect to the inclined deck, as 16.16075 degrees. 

The resolution of the angles required for the two remaining equal planes is left as an exercise for the reader. Hint: All hip angles are equal; the total roof plane angle divided by two equals 45 degrees. The equation cos(DECK) = sin(ROOF)/cos(HIP) solves the deck angle. Here is a summary of the results: The planes bounded by a rafter and beam are named COMMON Planes, since they are shared by both members. The remaining two planes are named for members they lie between (see Diagram 5 and Diagram 7).




	ANGLES with respect to INCLINED DECK

	ANGLE
	RAFTER Plane
	BEAM Plane
	COMMON Plane

	PITCH
	20.13375
	23.18011
	23.18011

	DECK
	52.22562
	42.59146
	42.59146

	HIP
	16.16075
	16.16075
	16.16075

	ROOF
	36.03989
	45.00000
	45.00000

	BACKING
	12.17209
	16.84504
	16.84504



In this case, note that the BEAM Plane and the two COMMON Plane values are equal, creating three equal sets of angles.


The inclined deck sets of angles have to meet certain criteria:

(1) Since the overall shape of the inclined deck in plan is a quadrilateral, the sum of all the deck angles must equal 360 degrees, with opposite angles supplementary.

(2) All “HIP” pitches are equal.

(3) All dihedral or “DECK” angles are equal at matching faces.

(4) The sums of the ROOF PLANE angles remain constant for both sets of calculations.

(5) The sums of the BACKING angles remain constant for both sets of calculations.

Conditions (2) and (3) actually govern mitre and bevel; meeting these

criteria means that cutting the compound angles will produce matching faces if the log diameters are equal.


Conditions (4) and (5) ensure that the logs conform to the initial design parameters after the backing angle cuts, which brings us to the next topic.


Refer to Diagram 8, Layout of Backing Angles. The view is from the foot of the log, looking toward the peak. An imaginary plane of convergence passes through each log; these planes intercept at the peaks to form the line of convergence, or convergence vector, where all the logs meet equally. This plane of convergence creates a line on the log cross-section, and passes through the maximum log diameter. Starting at this line, lay out the complements of the convergence or inclined deck backing angles, making sure that the angles are on the correct sides of the log. The backing planes (or roof planes) can now be cut. Measuring from the backing planes, lay out the complements of the backing angles generated by the initial calculation with respect to the actual deck; again, ensure that the angles are on the correct sides of the log.

There is now another line created on the cross-section of the log, in this case tilted at 16.84504 degrees with respect to the line of convergence. The value of this angle is the difference between the two backing angles. This line will become the plumb line, rotating to position when the logs are assembled, and any layout or cutting at the foot of the log is done with respect to this line using actual deck angle values. Note that throughout this process, the ridge line remains constant, as it must if the roof is to conform to the original specifications.  Diagram 9 shows the relationship between these quantities.

If you are still with me, that covers the theory. In practice, I did the first sets of calculations manually, using a programmable calculator. This was time consuming and created an increased chance of error if different scenarios needed to be tested; a worksheet specifically tailored for this purpose now does all the number crunching. All that need be done is enter the “HIP” pitches and TOTAL DECK angle, and a set of angles with respect to the actual deck is generated. A “feedback” calculation then re-enters half the total ROOF PLANE angle complements as PITCHES, the sum of the BACKING ANGLES as TOTAL DECK, and the inclined deck or convergence angles are automatically calculated. The linear algebra convergence check, criteria for conformance to original parameters, and drawings of layout and cutting angles are all done in seconds. To double check the calculations and make it easier to visualize the final product, I also construct 3D cardboard models of the proposed joints.

Speaking of the final product: there was no way to avoid a little work with a drawknife, but otherwise the results were gratifying. The compound faces converged with little or no measurable error. A powerful and versatile mathematical tool provided a solution to a difficult problem; investing time in mastering these techniques is well worth the effort for any timber framer or log fitter.

